THE SATO-TATE LAW FOR DRINFELD MODULES
DAVID ZYWINA

ABSTRACT. We prove an analogue of the Sato-Tate conjecture for Drinfeld modules. Using ideas of Drinfeld,
J.-K. Yu showed that Drinfeld modules satisfy some Sato-Tate law, but did not describe the actual law.
More precisely, for a Drinfeld module ¢ defined over a field L, he constructs a continuous representation
Po: W, — D> of the Weil group of L into a certain division algebra, which encodes the Sato-Tate law.
When ¢ has generic characteristic and L is finitely generated, we shall describe the image of p., up to
commensurability. As an application, we give improved upper bounds for the Drinfeld module analogue
of the Lang-Trotter conjecture.

1. INTRODUCTION

1.1. Notation. We first set some notation that will hold throughout. Let F be a global function field.
Let k be its field of constants and denote by g the cardinality of k. Fix a place oo of F and let A be the
subring consisting of those functions that are regular away from co. For each place A of F, let F; be
the completion of F at A. Let ord, denote the corresponding discrete valuation on F,, 0, the valuation
ring, and T, the residue field. Let d, be the degree of the extension F, /k.

For a field extension L of k, let L be a fixed algebraic closure and let L5 be the separable closure
of L in L. We will denote the algebraic closure of k in L by k. Let Gal; = Gal(L**?/L) be the absolute
Galois group of L. The Weil group Wj is the subgroup of Gal; consisting of those o for which o| is
an integral power deg(c) of the Frobenius automorphism x — x9. The map deg: W; — Z is a group
homomorphism. Denote by LP¢'f the perfect closure of L in L.

Let L[ 7] be the twisted polynomial ring with the commutation rule 7-a = a1 for a € L; in particular,
L[7] is non-commutative if L # k. Identifying T with X9, we find that L[7] is the ring of k-linear
additive polynomials in L [X ] where multiplication corresponds to composition of polynomials. Suppose
further that L is perfect. Let L((t!)) be the skew-field consisting of twisted Laurent series in 7! (we
need L to be perfect so that 7~ - a = a'/97 holds). Define the valuation ord.1: L(t™")) = Z U {+o0}
by ord.—1(3; a;v"") = inf{i : a; # 0} and ord,.-1(0) = +oco. The valuation ring of ord.-1 is L[[T7*]],
i.e., the ring of twisted formal power series in 7~ *.

For a ring R and a subset S, let Centy(S) be the subring of R consisting of those elements that
commute with S.

1.2. Drinfeld module background and the Sato-Tate law. A Drinfeld module over a field L is a ring
homomorphism

¢:A—L[t],a— ¢,

such that ¢ (A) is not contained in the subring of constant polynomials. Let d: L[t] — L be the ring
homomorphism ), b;t' — by. The characteristic of ¢ is the kernel of 8 o ¢ : A— L; it is a prime ideal
of A. If the characteristic of ¢ is the zero ideal, then we say that ¢ has generic characteristic. Using
J o ¢, we shall view L as an extension of k, and as an extension of F when ¢ has generic characteristic.
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The ring L[7] is contained in the skew field LP*f((z~1)). The map ¢ is injective, so it extends
uniquely to a homomorphism ¢ : F < LPf(z™1)). The function v: F — Z U {400} defined by v(x) =
ord.-1(¢,) is a non-trivial discrete valuation that satisfies v(x) < O for all non-zero x € A. Therefore v
is equivalent to ord,,, and hence there exists a positive n € Q that satisfies

1.1 ord,-1(¢,) = nd,, ord,(x)

for all x € F*. The number n is called the rank of ¢ and it is always an integer. Since LPet(7™1)) is
complete with respect to ord,-1, the map ¢ extends uniquely to a homomorphism

¢: Fpo — LP(z71)

that satisfies (1.1) for all x € F o’; This is the starting point for the constructions of Drinfeld in [Dri77].
Let F,, — LP*f be the homomorphism obtained by composing ¢ |, with the map that takes an element
in LPef[[t1]] to its constant term. So ¢ induces an embedding of F, into LP*f, and hence into L itself.

Let Dy be the centralizer of ¢ (A), equivalently of ¢(Fy,), in L({(t™Y). The ring Dy is an F,-algebra
via our extended ¢. We shall see in §2 that D, is a central F,,-division algebra with invariant —1/n.
For each field extension L’/L, the ring End;/(¢) of endomorphisms of ¢ is the centralizer of ¢(A) in
L’[7]. We have inclusions ¢ (A) € End;(¢) C Dy.

Following J.-K. Yu [Yu03], we shall define a continuous homomorphism

poo:WL_)D;

that, as we will explain, should be thought of as the Sato-Tate law for ¢. Let us briefly describe the
construction, see §2 for details. There exists an element u € L({(z™1)* with coefficients in L such
that u'¢p(A)u C k(t™1)). For o € W, we define

Poo(0) := o (u)rdes@y 1

where o acts on the series u by acting on its coefficients. We will verify in §2 that p., (o) belongs
to D;, is independent of the initial choice of u, and that p,, is indeed a continuous homomorphism.
Our construction of p,, varies slightly from than that of Yu’s (cf. §2.2); his representation p, is only
defined up to an inner automorphism. When needed, we will make the dependence on the Drinfeld
module clear by using the notation p o, instead of pq.

Now consider a Drinfeld module ¢ : A— L[7] of rank n with generic characteristic and assume that
L is a finitely generated field. Choose an integral scheme X of finite type over k with function field
L. For a closed point x of X, denote its residue field by F,.. Using that A is finitely generated, we may
replace X with an open subscheme such that the coefficients of all elements of ¢(A) € L[ 7] are integral
at each closed point x of X. By reducing the coefficients of ¢, we obtain a homomorphism

b A—Fy[7].

After replacing X by an open subscheme, we may assume further that ¢, is a Drinfeld module of rank
n for each closed point x of X.

Let Py ,(T) €A[T] be the characteristic polynomial of the Frobenius endomorphism 7, := rlFxk] g
Endy (¢, ); it is the degree n polynomial that is a power of the minimal polynomial of 7, over F. We
shall see that p., is unramified at x and that

Py (T)=det(TI — py(Frob,))

where we denote by det: D, — F, the reduced norm. The representation p, can thus be used to study
the distribution of the coefficients of the polynomials Py, ,(T) with respect to the co-adic topology.
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Though Yu showed that ¢ satisfies an analogue of Sato-Tate, he was unable to say what the Sato-Tate
law actually was. We shall address this by describing the image of p,, up to commensurability. We first
consider the case where ¢ has no extra endomorphisms.

Theorem 1.1. Let ¢: A — L[7] be a Drinfeld module with generic characteristic where L is a finitely
generated field and assume that End;(¢) = ¢ (A). The group p.(W;) is an open subgroup of finite index
inD*.

¢

We will explain the corresponding equidistribution result in §1.4 after a brief interlude on elliptic
curves in §1.3.

Now consider a general Drinfeld module ¢ : A — L[ 7] with generic characteristic, L finitely gener-
ated, and no restriction on the endomorphism ring of ¢. The reader may safely read ahead under the
assumption that End;(¢) = ¢ (A) (indeed, a key step in the proof is to reduce to the case where ¢ has
no extra endomorphisms).

The ring End;(¢) is commutative and a projective module over A with rank m < n, cf. [Dri74,
p.569 Corollary]. Also, E,, := End;(¢) ®, F, is a field of degree m over F,. Let By be the centralizer
of End;(¢), equivalently of E, in L((t~1)); it is central E_ -division algebra with invariant —m/n.

There is a finite separable extension L’ of L for which End;(¢) = End;/(¢). We shall see that
Poo(W;) commutes with End;/(¢ ), and hence p,,(W;/) is a subgroup of B;. The following generaliza-
tion of Theorem 1.1 says that after this constraint it taken into account, the image of p, is, up to finite
index, as large as possible.

Theorem 1.2. Let ¢: A — L[7] be a Drinfeld module with generic characteristic where L is a finitely
X

generated field. The group p.(W;)N B; is an open subgroup of finite index in B & Moreover, the groups
Poo(Wp) and B; are commensurable.

These theorems address several of the questions raised by J.K. Yu in [YuO03, §4].

1.3. Elliptic curves. We now recall the Sato-Tate conjecture for elliptic curves over a number field. We
shall present it in a manner so that the analogy with Drinfeld modules is transparent; in particular, this
strengthens the analogy presented in [Yu03].

Let H be the real quaternions; it is a central R-division algebra with invariant —1/2. We will denote
the reduced norm by det: H — R. Let H; be the group of quaternions of norm 1.

For a group H, we shall denote the set of conjugacy classes by H. Now suppose that H is a compact
topological group and let u be the Haar measure on H normalized so that u(H) = 1. Using the natural
map f: H — H, we give H' the quotient topology. The Sato-Tate measure on H' is the measure gy
for which ugr(U) = u(f ~1(U)) for all open subsets U 2 H*.

Fix an elliptic curve E defined over a number field L, and let S be the set of non-zero prime ideals
of 0}, for which E has bad reduction. For each non-zero prime ideal p ¢ S of @, let E, be the elliptic
curve over F, = 0, /p obtained by reducing E modulo p, and let 7, be the Frobenius endomorphism
of E,/F,. The characteristic polynomial of r, is the polynomial P ,(T) € Q[T] of degree 2 that is a
power of the minimal polynomial of 7, over Q. We have Py ,(T) =T 2 a,(E)T + N(p) where N(p) is
the cardinality of F, and a,(E) is an integer that satisfies |a,(E)| < 2N (p)V/2.

Suppose that E/L does not have complex multiplication, that is, End;(E) = Z. For each prime
p ¢ S, there is a unique conjugacy class 6, of H* such that P ,(T) = det(TI — 6,) (this uses that

ap(E)2 —4N(p) < 0). We can normalize these conjugacy classes by defining 9, = 6,/4/N(p); it is the

unique conjugacy class of H; for which det(TI —9,) = T? — (a,(E)/+/N(p))T + 1. The Sato-Tate
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conjecture for E/L predicts that the conjugacy classes {,},¢5 are equidistributed in H’i with respect to
the Sato-Tate measure, i.e., for any continuous function f : Hﬁ — C, we have

1
li ,) = d .
R v fx}lpgés,NZ(p)st( ) JHnlf(é) pst(€)

Note that H; and SU,(C) are maximal compact subgroups of (H®y C)* = GL,(C) and are thus con-
jugate. So our quaternion formulation agrees with the more familiar version dealing with conjugacy
classes in SU,(C). [The Sato-Tate conjecture has been proved in the case where L is totally real,
cf. [CHTO8, Tay08, HSBT10]]

Remark 1.3. The analogous case is a Drinfeld module ¢: A — L[7] with generic characteristic and
rank 2 where L is a global function field. The algebra Dy, is a central F-division algebra with invariant

—1/2. For each place p # oo of good reduction, there is a unique conjugacy class 6, of D; such that

det(TI — 6,) = Py ,(T). This information is all encoded in our function p, since 6, is the conjugacy
class containing p(Frob,). We will discuss the equidistribution law in §1.4; it will be a consequence
of the function field version of the Chebotarev density theorem.

Now suppose that E/L has complex multiplication, and assume that R := End;(E) equals End; (E).
The ring R is an order in the quadratic imaginary field K := R ®; Q. For p ¢ S, reduction of endomor-
phism rings modulo p induces an injective homomorphism K — Ende (E,) ®;, Q whose image contains
7,,; let 6, be the unique element of K that maps to 7,,.

From the theory of complex multiplication, there is a continuous homomorphism

PEco: W, — (K®gR)* = (End;(E) ®; R)*

such that pg . (Frob,) = 6, for all p ¢ S, where W, is the Weil group of L; see [Gro80, Chap. 1 §8].

(Using the Weil group here is excessive; the image is abelian, so the representation factors through Wfb
which in turn is isomorphic to the idele class group of L.) Choose an isomorphism C = K ®; R. We can

normalize by defining ¢, = 6,/+/N(p) which belongs to the group S of complex numbers with absolute
value 1. Then the Sato-Tate law for E/L says that the elements {1, },¢s are equidistributed in S. This
closely resembles the case where ¢ is a Drinfeld module of rank 2 and End; (¢) has rank 2 over A; we
then have a continuous homomorphism p.,: W; — B; = (End;(¢) ®4 Fy)*.

1.4. Equidistribution law. Let ¢: A — L[7] be a Drinfeld module of rank n. To ease notation, set
D =Dgy. Let Op be the valuation ring of D with respect to the valuation ord.-1: D — Z U {+oo}. The
continuous homomorphism p,: W; — D* induces a continuous representation

Poo: Galy — DX

where D* is the profinite completion of D*.

Now suppose that L is finitely generated and that End;(¢) = ¢(A) (similar remarks will hold with-
out the assumption on the endomorphism ring). Choose a scheme X as in §1.2 and let |X| be its set of
closed points. For a subset & of |X|, define Fo,(s) =, . & N(x)™* where N(x) is the cardinality of the
residue field F,. The Dirichlet density of . is the value lim,_,4+ F(s)/Fx|(s), assuming the limit ex-
ists, where d is the transcendence degree of L (see [Pin97, Appendix B] for details on Dirichlet density).

Let u be the Haar measure on H := p,,(Gal; ) normalized so that u(H) = 1. Take an open subset U
of H that is stable under conjugation. The Chebotarev density theorem then implies that the set

{x € |X| : po(Frob,) € U}
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has Dirichlet density u(U), cf. [Yu03, Corollary 3.5]. This equidistribution law can be viewed as the
analogue of Sato-Tate. The choice of X is not important since different choices will agree away from a
set of points with density 0.

Theorem 1.1 implies that the group H is an open subgroup of D*. So for a “random” x € |X|, the
element p ., (Frob, ) will resemble a random conjugacy class of H, and hence a rather generic element
of DX,

Fix a closed subgroup V of F_ that does not lie in ¢_;. That V is unbounded in the co-adic topology
implies that the quotient group D*/V is compact. So as a quotient of p.,, we obtain a Galois repre-
sentation §: Gal, — D*/V. The image 6(Gal;) is thus an open subgroup of finite index in D*/V and
as above, the Chebotarev density theorem gives an equidistribution law in terms of Dirichlet density.
These representations can be viewed as analogues of the normalization process described in §1.3 for
non-CM elliptic curves; observe that H* /R is naturally isomorphic to H; where R, is the group of
positive real numbers.

Remark 1.4. We have used Dirichlet density instead of natural density because the finite extensions of
L arising from p,, are not geometric, i.e., the field of constants will grow. Natural density can be used
if one keeps in mind that p,(Gal(L**?/Lk)) = p,(W,) N T .

There are many possibilities for the image of p,, and hence there are many possible Sato-Tate laws
for a Drinfeld module ¢; this contrasts with elliptic curves where there are only two expected Sato-
Tate laws. It would be very interesting to describe the possible images of p., as we allow ¢ to vary
over all Drinfeld modules with a fixed rank that give rise to the same embedding F — L and have
End;(¢) = ¢(A) (and in particular determine whether or not there are finitely many possibilities).

To give a concrete description of an equidistribution law, we now focus on a special case: the dis-
tribution of traces of Frobenius when p, is surjective. We shall show in §1.7 that there are rank 2
Drinfeld modules with surjective p,.

For each closed point x of X, we define the degree of x to be deg(x) = [F, : F,]. For each integer
d > 1, let |X|; be the set of degree d closed points of X. Note that |X|; is empty if d is not divisible by
[F; : Fo] where FF; is the field of constants of L.

For each closed point x of X, let a,(¢) € A be the trace of Frobenius of ¢ at x; it is (—1)""! times
the coefficient of T"! in P, (T). We have a,(¢) = tr(p(Frob,)), where tr: D — F, is the reduced
trace map. The Drinfeld module analogue of the Hasse bound says that ord,,(a,(¢)) > —deg(x)/n,
and hence a,(¢)r!98)/"l belongs to @,, where 7 is a uniformizer of F,.

Theorem 1.5. Let ¢ : A— L[ 7] be a Drinfeld module of rank n > 2 with generic characteristic where L is
finitely generated. Assume that p.,(W;) = D;.

Let 7 be a uniformizer for F., and let u be the Haar measure of 0, normalized so that u(0.) = 1. Let
& be the set of positive integers that are divisible by [F; : F..]. Fix a scheme X as in §1.2.

(i) For an open subset U of 0., we have

. #{x € X|4 : a,(¢)nl™ e U}
lim = u(U).
des,d#0(mod n) #|X |4

d—+o00

(ii) Let v be the measure on O, such that if U is an open subset of one of the cosets a + w0, of O,
then

gD /(g4 — 1) - u(U) otherwise.
5
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For an open subset U of 0,,, we have

#{x € |X|y: a,(p)nld/M e U} w
=V .

lim
des,d=0(mod n) #1X |4
d—+o00
Remark 1.6. Theorem 1.5(i) proves much of a conjecture of E.-U. Gekeler [Gek08, Conjecture 8.18];
which deals with rank 2 Drinfeld modules over L = F = k(t) with = = t~!. (Gekeler’s assumptions are
weaker than End;(¢) = ¢(A) with p, surjective).

1.5. Application: Lang-Trotter bounds. Let ¢ : A— L[ 7] be a Drinfeld module of rank n with generic
characteristic. For simplicity, we assume that L is a global function field and that End;(¢) = ¢(A). Fix
X asin §1.2.

Fix a value a € A, and let Py ,(d) be the number of closed points x of X of degree d such that
a,(¢) = a (see the previous section for definitions). We will prove the following bound for Py ,(d)
with our Sato-Tate law.

Theorem 1.7. With assumptions as above, we have
172
P¢’a(d) < qdoo(l 1/n%)d
where the implicit constant depends only on ¢ and ord.,(a).

The most studied case is n = 2 which is analogous to the case of non-CM elliptic curves (see Re-
mark 1.8). With F = k(t), A=k[t] and L =F, A.C. Cojocaru and C. David have shown that P ,(d) <

q#/>d/d1/5 and Py o(d) < q®/®4 where the implicit constant does not depend on a (this also can be
proved with the Sato-Tate law). For n = 2, the above theorem gives P, ,(d) < q®/9 for all a. For
arbitrary rank n > 2, David [Dav01] proved that Py ,(d) < q?™d/d where 6(n) :=1—1/(2n2 + 4n).
These earlier bounds were proved using the A-adic representations (A # 0o) associated to ¢.

Remark 1.8. Let E be a non-CM elliptic curve over Q. Fix an integer a, and let Pg ,(x) be the number
of primes p < x for which E has good reduction and a,(E) = a. The Lang-Trotter conjecture says
that there is a constant Cg, > 0 such that P ,(x) ~ Cg, - x/2/logx as x — +oo; see [LT76] for
heuristics and a description of the conjectural constant (if Cr , = 0, then the asymptotic is defined to
mean that Pg ,(x) is bounded as a function of x). Under GRH, Murty, Murty and Saradha showed that
Pp(x) < x*/5 /(log x)'/® for a # 0 and Pgo(x) < x3/* [MMS88].

Assuming a very strong form of the Sato-Tate conjecture for E (i.e., the L-series attached to symmet-
ric powers of E have analytic continuation, functional equation and satisfy the Riemann hypothesis),
V. K. Murty showed that Pg ,(x) < x3/4(logx)'/2, see [Mur85]. It was this result that suggested our
Sato-Tate law could give improved bounds.

Let |X|; be the set of closed points of X with degree d. We shall assume from now on that d is a
positive integer divisible by [[F; : k] where FF; is the field of constants in L (otherwise, |X|; = @ and
P¢’a(d) = 0)

Let us give a crude heuristic for an upper bound of Py ,(d). Fix a point x € |X|[4. By the Drinfeld
module analogue of the Hasse bound, we have ord,(a,(¢)) > —d/n. The Riemann-Roch theorem
then implies that |{f € A: ord(f) > —d/n}| = ql4/"d=*1=2 for all sufficiently large d, where g is the
genus of F. So assuming a,(¢) is a “random” element of the set {f € A: ord,,(f) > —d/n}, we find
that the “probability” that a,(¢) equals a is O(1/q%?/™). So we conjecture that

1 1 qdoo'd 1 qdm(l—l/n)d
Py q(d) < Z oo/ = #1Xla- gdoerd/m < d gded/n = d

x€|X|g
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Remark 1.9. In this paper, we are only interested in upper bounds. The most optimistic analogue of the
Lang-Trotter conjecture would be the following: there is a positive integer N and constants Cy, ,(d) = 0
such that

Py a(d) ~ Cpo(d)-q*0 1M /d

as d — +oo where Cy ,(d) depends only on ¢, a and d modulo N. The Sato-Tate conjecture for ¢
would be an ingredient for an explicit description of the constant Cy, ,(d). (The conjecture is in general
false if we insist that N = 1. For rank 2 Drinfeld modules over k(t) and a = 0, [Dav96, Theorem 1.2]
suggests that N is usually 2.)

To prove Theorem 1.7, we will consider the image of p, in the quotient D ; J(FX(1+ oy, N )) where

7 is a uniformizer of F, and j &~ d /n?.

1.6. Compatible system of representations. Let ¢p: A — L[7] be a Drinfeld module of rank n. For
a non-zero ideal a of A, let ¢ [a] be the group of b € L such that ¢,(b) = 0 for all a € a (where we
identify each ¢, with the corresponding polynomial in L[X]). The group ¢ [a] is an A/a-module via ¢
and if a is not divisible by the characteristic of ¢, then ¢ [a] is a free A/a-module of rank n. For a fixed
place A # oo of F, let p, be the corresponding maximal ideal of &,. The A-adic Tate module of ¢ is
defined to be

T,(¢) = Hom,, (F2/ 03, lim$ [p}]).

If p, is not the characteristic of ¢, then T,(¢) is a free &,-module of rank n. There is a natural Galois
action on T, (¢ ) which gives a continuous homomorphism

pa: Galy — Auty, (T;(¢)).

Now suppose that ¢ has generic characteristic and that L is a finitely generated. Take a scheme X
as in §1.2. For a closed point x of X, let A, be the place of F corresponding to the characteristic of ¢, .
For a place A # A, of F, we have

Py (T) =det(TI — p,(Frob,))

(for A # oo, we are using Autg, (T)(¢)) = GL,(6,) and [Gos92, Theorem 3.2.3(b)]). This property is
one of the reasons it makes sense to view p, as a member of the family of compatible representations
{pa}

There is a natural map End;(¢) — Endg, (T)(¢)) and the image of p, commutes with End;(¢).
We can now state the following important theorem of R. Pink; it follows from [Pin97, Theorem 0.2]
which is an analogue of Serre’s open image theorem for elliptic curves [Ser72]. Theorem 1.2 can thus
be viewed as the analogue of this theorem for the place co; our proof will closely follow Pink’s.

Theorem 1.10 (Pink). Let ¢: A — L[7] be a Drinfeld module with generic characteristic, and assume
that the field L is finitely generated. Then for any place A # oo of F, the image of

P+ Galp — Autg, (Ty(¢))

is commensurable with CentEndﬁl(Tl(d)))(End (PN

Example 1.11 (Explicit class field theory for rational function fields). As an example of the utility of
viewing p,, as a legitimate member of the family {p,},, we give an explicit description of the maximal
abelian extension F2 in F*°P of the field F = k(t), where k is a finite field with q elements. We will
recover the description of F2 of Hayes in [Hay74]. Using the ideas arising from this paper, we have
given a description of F2 for a general global function field F, see [Zyw13].

Let 0o be the place of F correspond to the valuation for which ord,,(f) = —deg f(t) for each non-
zero f € k[t]; the element t~! is a uniformizer for ... The ring of rational functions that are regular

7



away from oo isA = k[t]. Let ¢ : A— F[7] be the homomorphism of k-algebras that satisfies ¢, = t+7;
this is a Drinfeld module of rank 1 called the Carlitz module.
If p is a monic irreducible polynomial of k[t], then p,(Frob,) = p for every place A of F except

for the one corresponding to p (for A # oo, this follows from [Hay74, Cor. 2.5]). In particular, one
X

finds that the image of p,,: Wy — Dy = FX must lie in (t) - (1+ t7'4,,). For A # oo, we make the

identification Autg, (T(¢)) = 0,°. Combining our A-adic representations together, we obtain a single
continuous homomorphism

]:[m: wee— ([Ter) x0-a+ca,.

AFoo

Let A; be the idele group of F. The homomorphism (]_[A#OO ;) x (t) - (1+ t7lo,) — AL /F*
obtained by composing the inclusion into A; with the quotient map is an isomorphism. Composing
[ I,,p5 with this map, we obtain a continuous homomorphism

. b
B: W — AX/F*.

The map 3 embodies explicit class field theory for F. Indeed, it is an isomorphism and the homomor-
phism W;b = A;[F*,s— B(s™1) is the inverse of the Artin map of class field theory! See Remark 3.5,
for further details. In particular, observe that the homomorphism 8 does not depend on our choice of
oo and ¢.

By taking profinite completions, we obtain an isomorphism

Gal(F®/F) > ( [ ﬁ;) x () -(1+t71ay).
AF#00

of profinite groups. This isomorphism allows us to view F2® as the compositum of three linearly disjoint
fields. The first is the union K; of the fields F(¢ [a]) where a varies over the non-zero ideals of A,
see [Hay74] for details; these extensions were first constructed by Carlitz. We have Gal(K;/F) =
l_[#oo 0’;. The second extension is the the field K, = k(t); it satisfies Gal(K,/F) = Gal(k/k) = Z.
Finally, let us describe the third field K3 C F2", i.e., the subfield for which p, induces an isomorphism
Gal(K5/F) S+ t~10,,. We first find a series u = Z?io a;v ' € F[[t']]* for which u='¢,u = 7, and
hence u~ ¢ (A)u C k((z~1)). Expanding out ¢,u = ut, this translates into the equations:

X q . —_ . .
ag €k and a1~ Qi1 = —ta; for j > 0.

Set ap = 1 and recursively find a; € F*P that satisfy these equations. We then have a chain of fields
F =F(ap) € F(a;) € F(ay) < .... Note that the field F(a;) does not depend on the choice of a; and

[F(a;): F] < q’. For each j >0, let L ; be the subfield of K3 for which p, induces an isomorphism
Gal(L;/F) S+cte)/(1+ Ut g,). The field L; depends only on u (mod t~UGHDE[[z71)]), so
we have L; € F(a;). Since qg = [L;:F]<[F(a;):F] < q’, we deduce that

Ks=|JF(a)) and Gal(F(a))/F)=(1+t7'0,,)/(1+t0TVa,).
j>0

In [Hay74], Hayes constructs the three fields K;,K,, K5 and then showed that their compositum is F2°.
The field K; is constructed by consider the torsion points of another Drinfeld module but starting with
the ring k[t '] instead. The advantage of including p, is that the proof is easier and that the fields K,
and K, arise naturally from our canonical map f.



1.7. Rank 2 Drinfeld modules with maximal image. Fix a finite field k of odd order q. Take A = k[t],
F =k(t) and L = k(t). Fix b; € L and b, € L*. Let ¢: A — L[7] be the Drinfeld module that is the
homomorphism of k-algebras for which ¢, = t + b;7 + b,72. The Drinfeld module ¢ has rank 2 and
hence we have the corresponding representation

Poo: WL —D ;’
where Dy is a division algebra over F,, with invariant —1/2.
Let L’ C L*P be the compositum of L and k. Take any & and a; € L*®P that satisfies

(1.2) 5§91 = 1/b, and a(ll2 —a; =—-89"1h,.

Note that the field extension L’(5,a;)/L’ has degree at most (g2 — 1)q2. The following gives a criterion
for p, to be surjective.

Theorem 1.12. We have p (W) = D; if and only if the extension L'(5,a,)/L’ has degree (g*> — 1)q>.

Using the Hilbert irreducibility theorem, Theorem 1.12 shows that p(W;) = D;f for “most” by € L
and bz S LX .

Example 1.13. Consider ¢ as above with b; = 1 and b, = t ! Let v: (L*®?)* — Q be a valuation that
extends the valuation ord,, on L = k(t). We have v(§) = —v(b,)/(q?> — 1) = —1/(g?> — 1). We have

l_[b(al +b) = acll2 —a; = —8971, where b runs over the elements of the quadratic extension of k in
L5, Since v(5971) < 0, we find that v(a; + b) is negative for some b and hence v(a;) = v(a; + b) for
all b. Therefore, v(a;) = v(5971)/q?> = —1/((q + 1)q?). The subgroup v(L(5,a;)*) of Q thus contains
((g?> — 1)¢*)"'Z and hence L(5,a;)/L has degree at least (q*> — 1)g2. It is clear that L(5,a;)/L has
degree at most (g% — 1)q?, so L(5,a;)/L has degree (q% — 1)q? and the place oo is totally ramified in
this extension. Therefore, L’(5,a;)/L’ must also have degree (¢ — 1)q2. By Theorem 1.12, we deduce
that p,(W;) = D;.

1.8. Overview. In §2, we shall define our Sato-Tate representation p,, and prove its basic properties.

In §3, we prove the rank 1 case of Theorem 1.2. The proof essentially boils down to an application
of class field theory. The rank 1 case will also be a key ingredient in the general proof of Theorem 1.2.

In §4, we shall prove an co-adic version of the Tate conjecture. The prove entails replacing ¢ with its
associated A-motive (though we will not use that terminology), and then using Tamagawa’s analogue
of the Tate conjecture. We have avoided the temptation to define a Sato-Tate law for general A-motives
(the corresponding openness theorem would likely be extremely difficult since the general analogue of
Theorem 1.10 remains open).

In §5, we prove Theorem 1.1. Our proof uses most of the ingredients from Pink’s proof of Theo-
rem 1.10. In §6, we deduce Theorem 1.2 from Theorem 1.1.

Finally, in sections 7, 8 and 9, we shall prove Theorems 1.5, 1.7 and 1.12, respectively.

Acknowledgements. Thanks to Bjorn Poonen and Lenny Taelman.

2. CONSTRUCTION OF P,

Let ¢ : A— L[7] be a Drinfeld module. As noted in §1.2, ¢ extends uniquely to a homomorphism
¢ Fop = LP(771)

that satisfies (1.1) for all non-zero x € F,.

Our first task is to prove that there exists a series u € L((t7!))* for which u='¢(F,)u € k(t~1);
this is shown in [Yu03, §2], but we will reprove it in order to observe that the coefficients of u actually
lie in L**P. Fix a non-constant y € A. We have ¢, = Z?:o bjrj with b; € L and b, # 0, where
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h := —nd,, ord,,(y). Choose a solution 6 € L*® of 591 = 1/by. Set ay = 1 and recursively solve for
a;,as,ds... € L by the equation

h j j
a _ ¢-1y 4
2.1 a; a; = Z 19) bjaiﬂ._h.
0<j<h-1
i+j—h>0

The q; belong to L* since (2.1) is a separable polynomial in q; and the values b; and 6 belong to L*F.

Lemma 2.1. With 6 and a; as above, the series u := 5(2;20 a;t ) € L(t™Y)* has coefficients in L*P
and satisfies u"* ¢ (A)u S k(T ~1)).

Proof. Expanding out the series ¢, u and ut" and comparing, we find that ¢ yu= uth (use (2.1) and

591 =1 /by). Let kj, be the degree h extension of k in k. The elements of the ring L(t™1)) that
commute with t" are k,((t~1)). Since t" = u_lc,i)yu belongs to the commutative ring u™¢ (F.)u, we
find that u='¢(F. )u is a subset of k(™). Thus u € L(t~1))* has coefficients in L*P and satisfies
N p(FopJu € k(771)). 0

Choose any series u € L((t71))* that satisfies u"'¢(A)u C k((t~1)) and has coefficients in L¢P,
Define the function

Poo: W, — D;, o — o(u)rdes@y 1,

Recall that D, is the centralizer of ¢(A) in L(t™1). The following lemma gives some basic properties
of p,,; we will give the proof in §2.1. In particular, p, is a well-defined continuous homomorphism
that does not depend on the initial choice of u. Our construction varies slightly from Yu’s, cf. §2.2.

Lemma 2.2.

(i) There is a series u € L((v~1))* that satisfies u" ¢ (F)u S k(z™1), and any such u has coeffi-
cients in L*°P.
(ii) The ring Dy, is a central Fy,-division algebra with invariant —1/n.
(iii) Fix u asin (i) and take any o € Wy. The series o(u)79&(@)u~1 belongs to D ; and does not depend
on the initial choice of u.
(iv) For o € Wy, we have ord -1 py,(0) = —deg(o).
(v) The map po: Wy — D; is a continuous group homomorphism.

(vi) The group po,(W;) commutes with End; (¢).

Lemma 2.3. Assume that ¢ has generic characteristic, L is finitely generated, and let X be a scheme as in
§1.2. Then the homomorphism p,: W; — D; is unramified at each closed point of x of X and we have

Py (T) = det(TI — po,(Frob,)).

Proof. These results follow from [Yu03]; they only depend on p,, up to conjugacy so we may use Yu’s
construction (see §2.2). Note that Lemma 3.2 of [Yu03] should use the arithmetic Frobenius instead of
the geometric one; the contents of that lemma have been reproved below in Example 2.4. g

Example 2.4. Let ¢: A — L[7] be a Drinfeld module of rank n and L a finite field. The group W,
is cyclic and generated by the automorphism Frob; : x — x/'l. We have L*P = k, and hence u := 1
satisfies the condition of Lemma 2.2(i). Thus p. (o) = o(u)rde8oy =1 = 74e8(9) for all o € W;, and in
particular, p,(Frob;) = 721, Note that 7 := 71Kl belongs to End; (¢).

Let E be the subfield of End;(¢) ®, F generated by F and 7. Let f, € F[T] be the minimal polyno-
mial of 7t over F. The characteristic polynomial P4(T) of 7 is the degree n polynomial that is a power

10



By [Dri77, Prop. 2.1], E ® F, is a field and hence f is also the minimal polynomial of 7 over F,.
The characteristic polynomial of the F,,-linear map D, — Dy, a — 7a is thus a power of fy. This
implies that the degree n polynomial det(TI — 7) is a power of fy, and hence equals Py (T). Therefore,

Py(T) = det(TI — po,(Froby)).

2.1. Proof of Lemma 2.2. Fix a uniformizer 7 of F,,. There is a unique embedding ¢: F,, — k((t~1))
of rings that satisfies the following conditions:

o ((x)=xforall x ey,

o ()= 7",

e ord.1(t(x)) = ndy ord,,(x) for all x € F.
Let kg and k,q_ be the degree d,, and nd,, extensions of k, respectively, in k. We have ((F,) =
kg, (t7"=)). Let D, be the centralizer of t(Fy,) in L{(v~1); it is an F., -algebra via ¢. Using that kq,,

and 7% are in 1(F.,), we find that D, = kna,, (t7%)). One can verify that D, is a central F,-division
algebra with invariant —1/n.

_ By Lemma 2.1, there is a series u € L{(z~1)* with coefficients in L% such that u™'¢(Fy )u C
k(z™"). Take any v € L((t™1)* that satisfies v"'¢(F,)v € k(™). By [Yu03, Lemma 2.3], there
exist w; and w, € k[[T71]]* such that
u(x)= wl_l(u_lquu)wl and (x)= wz_l(v_lquv)wz
for all x € F.. So for all x € F., we have (uw;)t(x)(uw;)~ ! = ¢, = (vw,)u(x)(vw,)~! and hence
(Wz_lv_luwl)L(x)(wz_lv_luwl)_1 =(x).

Therefore Wz_lv_luwl belongs to D, C k(t~1)), and hence v = uw for some w € k(t~1))*. The

coefficients of v lie in L*®P since the coefficients of u lie in L** and w has coefficients in the perfect field
k C L¢P, This completes the proof of (i).

We have shown that the series g := uw; € L((t™})) satisfies t(x) = g "' ¢, g for all x € F,. The map
Dy = D, f — ¢~ 'f g is an isomorphism of F, -algebras. Therefore, Dy is also a central F,-division
algebra with invariant —1/n; this proves (ii).

Take any o € W;. Since w has coefficients in k, we have o(w) = 7980y, £~ deg(9) and hence

o(v)7rde@)y=1 = 5 (uw)rdes@) () !
= o(u)o(w)7des@)y~1,~1
= o (1) (79¢8(0)yy p—deg(0)) pdeg(o)yy, 1y ~1
= o(u)rdesl@)y 1,

This proves that p.,(0) := o(1)798@)y = is independent of the initial choice of u.

To complete the proof of (iii), we need only show that p.,(0) commutes with ¢(A). We will now
prove (vi), which says that p,, (o) commutes with the even larger ring End; (¢). Take any non-zero
f € End;(¢). Since f commutes with ¢(A), and hence with ¢(F,,), we have (fu) ¢ (F..)(fu) C

k((z™1)). Since Poo(0) does not depend on the choice of u, we have

Poo(0) = o (f )4 (fu)™! = o (f)o(W)rE Dy f 71 = o(f)pee(o)f 7L

Since f has coefficients in L, we deduce that p,(0)f = f p(T), as desired.
For part (iv), note that

ord.-1(p(0)) = ord.-1(o(w)) + ord -1 (74%8)) — ord -1 (u)
= ord,-1(u) — deg(o) — ord -1 (u) = —deg(o).
11



It remains to prove part (v). We first show that p, is a group homomorphism. For 0,0, € W;, we
have

P(0103) = (‘7102)(U)Tdeg(0102)u_1 = Ul(az(u))Tdeg(Ul)Uz(U)_l : Uz(U)Tdeg(UZ)U_l = Poo(01)Px(02).

We have used part (iii) along with the observation that if ulpAuc k(z™1), then o) tp(A)o,(u) C
k(t71).

Finally, we prove that p,, is continuous. By Lemma 2.1, we may assume that u is of the form
Zio 6a;7 " with ay =1 and § # 0. Let 0Op, be the valuation ring of ord.-1: Dy — Z U {+o0}; it
is a local ring. By part (iv), we need only show that the homomorphism Gal(L*P/Lk) Leo, 0DX¢ is
continuous. It thus suffices to show that for each j > 1, the homomorphism

B;: Gal(L*P/Lk) £ 05— (Op, /7 Op,)

has open kernel, where 7 is a fixed uniformizer of F.,. For each o € Gal(L*®/ Lk), we have Poo(0) =
o(wWu'. One can check that B;(c) =1, equivalently ord -1(ps(c) — 1) = ordffl(qb;[) = nd,j, if and
only if ord.-1(c(w)u~! — 1) = ord -1 (o (u) — u) is at least nd,,j. Thus the kernel of B; is Gal(F**P/L;)
where L; is the finite extension of Lk generated by the set {5} U {aito<i<nd,j-

2.2. Yu’s construction. Let us Eelate our representation p, to that given by J.K. Yu in [Yu03]. Assume
that L is perfect. Let t: F,, — k((t™1)) be the embedding of §2.1. Choose a series u, € L{(t~1))* for
which t(x) =ug¢,u, " for all x € F,,. The representation defined in [Yu03, §2.5] is

0ot Wi, = DX, 0 = uyo(ug) 7

where D, is the central F -division algebra with invariant —1/n described at the beginning of §2.1.
The connection with our representation is that

Poo(0) = 0 (ug T (ug") ™! = o ()M T4 Mg = 1y 0o

for all o € W;. A different choice of u, will change p., by an inner automorphism of D*. (For
L not perfect, one can construct po,: Wipet — D as above, and then use the natural isomorphism
WL = WLperf.)

2.3. Aside: Formal modules. Let us quickly express the above construction in terms of formal modules;
this will not be needed elsewhere. Let ¢p : A— L[ 7] be a Drinfeld module of rank n and assume that L
is perfect. Then ¢ extends uniquely to a homomorphism ¢ : F,, < L((t 1)) that satisfies (1.1) for all
non-zero x € F,.. In particular, restricting to &,, defines a homomorphism @,, — L[[7~']].

1/q',_—i

a;7" with a; € L, we define its adjoint by f* =Y. a.’? 77!, For

To each formal sum f = )., iez 4i

f1,f2 € L[[771]], we have (f1£,)" = f5 fi and (f)" = f;. Define the map
910 — LTI, x— ¢}
Using that @, is commutative, we find that ¢ is a homomorphism that satisfies
ord; ¢(x) = nd,, ord(x)

for all x € O,,. In the language of [Dri74, §1D], ¢ is a formal 0,,-module of height n.

If one fixes a formal O,,-module ¢: 6, — k[[7]], then by [Dri74, Prop. 1.7(1)] there is a v €
L[[=]]* such that v~p(x)v = 1(x) for x € 0. Let 9, be the centralizer of ¢(0,) in L((t)). By
[Dri74, Prop. 1.7(2)], 2, is a central F,-division algebra with invariant 1/n and 2, N L[[7]] is the
ring of integer of Z,,. One can then define a continuous homomorphism

o: W, — 9;, o — o(v)rdes@)y -1,
12



For o € W;, we have p,(c) = (o(0)*)™!. Note that this construction works for any formal @,,-module
Oy, — L[[7]] with height 1 <n < 0.

3. DRINFELD MODULES OF RANK 1

Let ¢ : A— L[7] be a Drinfeld module of rank 1 with generic characteristic. For a place A # oo of F,
the Tate module T,(¢) is a free &,-module of rank 1. The Galois action on T, (¢ ) commutes with the
0, -action, and hence our Galois representation p, is of the form

pa: Gal, — Auty, (Tx(9)) = 6.
For the place 0o, we have defined a representation
Poo: W —>D; =FJ,

where Dy equals F, since it is a central F,-division algebra with invariant —1. In this section, we will
prove the following proposition, whose corollary is the rank 1 case of Theorem 1.2.

Proposition 3.1. Let ¢ : A— L[ 7] be a Drinfeld module of rank 1 with generic characteristic and assume
that L is a finitely generated field. Then the group (]| 5, 02) (W) is an open subgroup with finite index in

(l_h#oo ﬁf) X F.

Corollary 3.2. Let ¢ : A — L[ 7] be a Drinfeld module of rank 1 with generic characteristic and assume
that L is a finitely generated field. Then p.,(W;) is an open subgroup with finite index in D; =F.

3.1. Proof of Proposition 3.1. Since ¢ has generic characteristic, it induces an embedding F — L
that we view as an inclusion. The following lemma allows us to reduce to the case where L is a global
function field and L/F is an abelian extension.

Lemma 3.3. If Proposition 3.1 holds in the special case where L is a finite separable abelian extension of
F, then the full proposition holds.

Proof. Let Hy be the maximal unramified abelian extension of F in F*® for which the place oo splits
completely; it is a finite abelian extension of F. Choose an embedding H, € L**P. By [Hay92, §15] (and
our generic characteristic and rank 1 assumptions on ¢), there is a Drinfeld module ¢': A — Hy[ 7]
such that ¢ and ¢’ are isomorphic over L**P (since L is a finitely generated extension of F, we can
choose an embedding of L into the field C of loc. cit.). Moreover, there is a finite extension L’ of LH,
such that ¢ and ¢’ are isomorphic over L’. Therefore, (] [, Py 2)(Wy/) and (IL Py 2)(Wy/) are equal
in (]_[17éoo 0) X FX.

By the hypothesis of the lemma, we may assume that ([ [, P2 )(Wy,) is an open subgroup of
finite index in (] [, 400 0,') X FX. Replacing Hy by the finitely generated extension L’, we find that
a1, P42 )(Wy) is still an open subgroup of finite index in a1, 400 0,°) X F (though possibly of larger
index). Therefore, ([ [, oy 2)(Wy) contains (] [, 042 )W) = ([ [, pg2)(Wy/) which is open and of
finite index in (l_[)#oo Oy )X FX. O

By the above lemma, we may assume that L is a finite, separable and abelian extension of F. The
benefit of L being a global function field is that we will be able to use class field theory. Since p;, |y, is
continuous with commutative image, it factors through the maximal abelian quotient WLab of W;. Let
A; be the group of ideles of L. For each place A of F, we define the continuous homomorphism

~ _AX ab PA_ x
priA =W —F;

where the first homomorphism is the Artin map of class field theory. The homomorphism p) is trivial on
L*, and has image in 0, when A # cc. Define L, := L ®; F; and let N, : L, — F; be the corresponding
13



norm map. Define the continuous homomorphism
XA = F),  a—py(a)Ny(ay)
where a; is the component of a in L} = nvm Lx.
Let S be the set of places of L for which ¢ has bad reduction or which lie over co. For v ¢ S, let A,

be the place of F lying under v. For each place v ¢ S of L, define 7, := p,(Frob,). By Lemma 2.3, 7,
belongs to F* and equals p,(Frob,) for all A # A,,. For each place v ¢ S of L and A of F, we have

[F, : Ty, ] ifA=2,,
3.1 ord;(m,) =1 —[F, :Fy] if A=o00,
0 otherwise,

cf. [Dri77, Proposition 2.1]. We now show that y, is independent of A.

Lemma 3.4. There is a unique character y : A} — F* that satisfies the following conditions:

(a) ker(y) is an open subgroup of Af.

(b) Ifa€ L%, then y(a) =Ny /p(a).

(c) If a=(a,) is an idele with a, = 1 for v € S, then y(a) = ]_[vés ngrdV(aV).
For every place A of F, we have y;(a) = y(a) for all a € A}.
Proof. Fix a place A of F. If a € L™, then y,(a) = N,(a) = Ny p(a) since p, is trivial on L. Let
S, be those places of L that belong to S or lie over A. For an idele a € Af satisfying a, = 1 for
v € S;, we have y,(a) = p,(a) which equals nvgsl 0, (Frob,)o"d(@) since p, is unramified outside
Sy Therefore, y;(a) =1, 4, 7, ordv(e),

Define U = [ [, 0; it is an open subgroup of AY. Consider an idele § € U for which there is a

b € L such that 8, = b for all v € S;. We then have

2B = 12D (b B =Ny e (D) [ [ 208 =Ny e (B) [ | 7, o,
V¢S}L Vésl

which is an element of F*. Take a place A’ # oo of F. By (3.1) and using that ord,(b) =0 forv €S,,

we have
ord; ( l_[ ngrdv(b)) = Zordv(b)ordl/(rcv)

vés, v
= Z[Fv : Fk/] Ordv(b)
v|A
_ Zordl’ NLV/FA/(b) = ord;v NL/F(b).
v|A

Therefore, ord,/(y,()) = 0 for all A’ # oo, and hence y,(f) belongs to A* = k*. By weak approxi-
mation, the ideles 8 € U for which there is a b € L™ such that 8, = b for all v € S;, are dense in U.
Since y, is continuous, we deduce that y,(U) € k* and hence ker(y,) is an open subgroup of A*. The
group A} /ker(y;,) is generated by L™ and ideles with 1 at the places v €S, so x; takes values in F*.
Define y := y.,. We have just seen that y takes values in F* and satisfies conditions (a), (b) and

(c). Now suppose that y’: AX — F* is a group homomorphism that satisfies the following conditions:

e ker(y’) is an open subgroup of A¥.

o Ifac L, then y'(a) = Ny /p(a).

e There is a finite set S’ 2 S of places of L such that y'(a) = l_[V¢S, 7,4 (@) for all ideles a with

a,=1forves’.
14



The character ' is determined by its values on the group A;/(ker(x") Nnker(y)), and this group is
generated by L™ and the ideles with v-components equal to 1 for v € S’. Since y and y’ agree on such
elements, we find that ¥’ = y. This proves the uniqueness of a character satisfying conditions (a), (b)
and (c). With ' = y, and S’ =S,, we conclude that y, = y. O

Let Cr and C;, be the idele class groups of F and L, respectively. The natural quotient map ([ [, 400 ﬁ;) X
FX — Cr has kernel k™ and its image is an open subgroup of finite index in Cr. Since the p, are trivial
on L, we can define a homomorphism f : C; — Cp that takes the idele class containing a € A; to the
idele class of Cr containing (p;(a));,. To prove the proposition, it suffices to show that the image of f
is open with finite index in Cg. By the definition of the y, and Lemma 3.4, we have

(Pr(a)) = (xa()N;(az) ™) = x(@)(Na(a) D,

Therefore, f(a) = NL/F(a)_l for all a € Cp, where Ny /p: C;, — Cp is the norm map. Class field theory
tells us that Ny ,z(C) is an open subgroup of C and the index [Cr : Nj/z(C)] equals [L : F]; the same
thus holds for f.

Remark 3.5. Consider the special case where A = k[t], F = k(t), and ¢ : k[t] — F[7] is the Carlitz
module of Example 1.11. As noted in Example 1.11, we have a continuous homomorphism

B: W (]_[0) V- (1+t710) S Cp
AF#00
where the first mapis [ | 5 P and the second is the quotient map. Composing 3 with the Artin map of F,

we obtain a homomorphism f : Cz — Cp which from the calculation above is f (a) = Ng, (@) t=al.
Therefore, W;i‘b — Cp, 0 — B(071) is the inverse of the Artin map for F as claimed in Example 1.11.

4. TATE CONJECTURE

Let ¢ : A— L[7] be a Drinfeld module of rank n and let D be the centralizer of ¢(A) in L(z7Y).

Using the extended map ¢ : F,, — LP*(7~1)), we have shown that Dy is a central F,-division algebra
with invariant —1/n. In §2, we constructed a continuous representation

Poo: W, —>D;.

We can view End;(¢) ®, Fo, as a Fy-subalgebra of Dy; it commutes with the image of p,. The
following oco-adic analogue of the Tate conjecture, says that End; (¢ ) ®, F, is precisely the centralizer
of poo(Wy) in Dy, at least assuming that L is finitely generated and ¢ has generic characteristic.

Theorem 4.1. Let ¢ : A— L[ 7] be a Drinfeld module with generic characteristic and L a finitely generated
field. Then the centralizer of po,(Wy) in Dy is End; (¢) ®4 Foo

For the rest of the section, assume that L is a finitely generated field. Recall that for a place A # oo,
the A-adic version of the Tate conjecture says that the natural map

(4.1) End;(¢) ®4 F) — Endp, [gat, 1 (Va(¢))

is an isomorphism. This is a special case of theorems proved independently by Taguchi [Tag95]
and Tamagawa [Tam95]; we will make use of Tamagawa’s more general formulation. We can give
Endg, (V,(¢)) a Gal,-action by o(f) := py(c)ofo p;(0)7L. That (4.1) is an isomorphism is equiva-
lent to having EndFA(V;L(qb))GalL = End;(¢) ®, F. For the co-adic version, the ring D, has a natural

Gal(L/L)-action and the subring Dgal(L/ D = Cent reri(-1y) (¢ (A)) certainly contains End; (¢) ®4 Foo; We

will show that they are equal, and from the following lemma, deduce Theorem 4.1.

Gal(L/L) _

Lemma 4.2. IfD =End;(¢) ® F, then the centralizer of po, (W) in Dy is End;(¢) ®4 Fo
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Proof. Fix an f € Dy that commutes with p,(W;). Take any o € W;. The series f and p (o)
commute, so we have

o (u)rdesl@)y 1 -f=f - o(u)rdeslo)y 1
where u is a series as in Lemma 2.2(i). Therefore,

o) fo(u) = 19w fu)r 980 = o (u" fu)

where the last equality uses that u™'fu has coefficients in k. Since W, is dense in Gal;, we have

o(u) " fo(u) =o(u tfu)forall o € Gal, and hence also for all o € Gal(L/L). Therefore, o(u) ' fo(u) =
o(u) ro(f)o(u) and hence o(f) = f, for all o € Gal(L/L). So f belongs to Dial(L/L)
ement of End; (¢) ®, Fy, by assumption. This proves that the centralizer of p,,(W,) in D is contained

in End; (¢ ) ®, F4.; we have already noted that the other inclusion holds. O

and is thus an el-

The rest of §4 is dedicated to proving Theorem 4.1. To relate our construction with the work of
Tamagawa, it will be useful to replace ¢ with its corresponding A-motive. We give enough background
to prove the theorem; this material will not be needed outside §4.

4.1. Ftale T-modules. Let L be an extension field of k (as usual, k is a fixed finite field with q ele-
ments). Let L((t™!)) be the (commutative) ring of Laurent series in t ! with coefficients in L. Define
the ring homomorphism

o L) - L), Dot Y e

i
Let R be a subring of L((t™!)) that is stable under o; for example, L[t], L(t) and L({(t™1)).

Definition 4.3. A t-module over R is a pair (M, T,,) consisting of an R-module M and a o-semilinear
map Ty : M — M (i.e., Ty, is additive and satisfies 7,,(f m) = o(f)7t,(m) for all f € R and m € M).
A morphism of 7-modules is an R-module homomorphism that is compatible with the 7 maps.

When convenient, we shall denote a T-module (M, 7,,) simply by M. We can view R as a T-module
over itself by setting T = o|. For an R-module M, denote by o*(M) the scalar extension R ®, g M of
M by o: R — R. Giving a o-semilinear map 7,;: M — M is thus equivalent to giving an R-linear map

TM,lin - U*(M) - M

which we call the linearization of 7,,;. We say that a T-module M over R is étale if M is a free R-module
of finite rank and the linearization 7 j;,: 0*(M) — M is an isomorphism.

Let M; and M, be v-modules over R. We define M; ®; M, to be the T-module whose underlying R-
module is M, ®g M, with T map determined by 7, g, (M1 ®my) = Ty, (M) ® Ty, (My). Now suppose
that M, is étale. Define the R-module H := Homg(M;, M,). Let T5: H — H be the o-semilinear that
corresponds to the R-linear map

* -1
o (H) i H3 f — TMz,lin Of ° TMl’]in’

where we are using the natural isomorphism o*(H) = Homg(c*(M; ), c*(M,)). The pair (H,7ty) is a
T-module over R. If M; and M, are both étale over R, then so is H.

Suppose that R C R’ are subrings of L((t 1)) which are stable under o. Let M be a T-module over R.
We can then give R’ ®; M the structure of a T-module over R’. If M is étale, then R’ ®; M is an étale
T-module over R'.

For a T-module M, let M* be the group of m € M for which 7,,(m) = m; it is a module over the ring
Ry:={r €R:o(r)=r} (for R=L(t) and L(t 1)), we have Ry, = k(t) and k((t 1)), respectively). Let
H be the T-module Homg(M;, M,) where M; and M, are T-modules and M, is étale; then H" agrees
with the set Hom(M;, M,) of endomorphisms M; — M, of T-modules.
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4.2. Weights. Fix a separably closed extension K of k. We shall describe the étale 7-modules over
K((t™1); it turns out that the category of such T-modules is semisimple, we first define the simple ones.

Definition 4.4. Let A = s/r be a rational number with r and s relatively prime integers and r > 1.
Define the free K((t~!))-module

Ny = K(t ey & - @ K(t e,

Let 7, : N; — N, be the o-semilinear map that satisfies 7,(e;) = e;;; for 1 <i <r and 7,(e,) = t’e;.
The pair (N, T,) is an étale T-module over K(t~1)).

Proposition 4.5.

() If M is an étale T-module over K((t 1)), then there are unique rational numbers A < Ay < -+ <
A, such that
e MEN; & ®N, .
e the t~'-adic valuations of the roots of the characteristic polynomial of T,; expressed on any
K((t™Y))-basis of M are {—A;};, with each A; counted with multiplicity dim N,.
(ii) For A € Q, the ring End(N,) is a central k((t ~1))-division algebra with Brauer invariant A.

Proof. This follows from [Lau96, Appendix B]; although the proposition is only proved for a particular
field K, nowhere do the proofs make use of anything stronger then K being separably closed. This
was observed by Taelman in [Tae09, §5]; his notion of a “Dieudonné ¢t-module” corresponds with étale
t-modules over K((t 1)) (in Definition 5.1.1 of loc. cit. one should have K(t~')o(V) = V). O

We call the rational numbers A; of Proposition 4.5(i) the weights of M. If all the weights of M equal
A, then we say that M is pure of weight A.

Lemma 4.6. [Tae09, Prop. 5.14] Fix a rational number A = s/r with r and s relatively prime integers
and r > 1. Let M be an étale T-module over K((t 1)) with K an algebraically closed extension of k. The
following are equivalent:

e M is pure of weight A.

o there exists a K[[t']]-lattice A € M such that Ty (A) = A

Let L be a field extension of k (not necessarily separably closed) and let M be an étale T-module
over L(t). The weights of M are the weights of the T-module K((t~1)) ®p() M over K(t™1)) where K is
any separably closed field containing L. Again, we say that M is pure of weight A if all the weights of
M equal A. We now give a criterion for M to be pure of weight 0.

Lemma 4.7. Define the subring 0 := L[t_l](t—l) =L(t)NL[[t™1]] of L(t); it is a local ring with quotient
field L(t). Let M be an étale T-module over L(t). Then the following are equivalent:
(a) M is pure of weight O.
(b) There is an 0-submodule N of M stable under T, such that (N, Ty|y) is an étale T-module over
0 and the natural map L(t) ® ; N — M of t-modules is an isomorphism.

Proof. First suppose that M is pure of weight 0. By Lemma 4.6, there is an L[t ']]-lattice A of
L{(t™V) ®() M such that 7)(A) = A. Fix a basis e;,...,eq of M over L(t); we may assume that

the e; are contained in A. Let N be the &-submodule of M generated by the set B = {wa(ei) 11 <
i <d, j > 1}. We can write each v € 4, uniquely in the form v = ). a;e; with a; € L(¢); let a be the
infimum of the values ord,-1(q;) over alli € {1...,d} and v € 8. We find that « is finite, since N is
contained in the L[[t~!]]-lattice A which is stable under 7,,;. Using that a is finite, we find that N is a
free 0-module of rank d which is stable under 7,; and that the map L(t)®,N — M is an isomorphism.
The T-module (N, 7,,|N) is étale since (M, T,;) is étale. It is now clear that N satisfies all the conditions
of (b).
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Now suppose there is an @-submodule N satisfying the conditions of (b). Then A := L[t ®s N
is a L[[t~']]-lattice in L((t™1)) ®(r) M that satisfies TE((t_l))g,LmM(A) = A. Lemma 4.6 implies that

Lt ®() M, and hence M also, is pure of weight 0. O

4.3. Tate conjecture. Let M be an étale T-module over L(t). The group Gal; actson M’ := L**P((t"1))® L(t)
M via its action on the coefficients of L*P((t~1)). The Gal; -action on M’ commutes with T, so M'% is
a vector space over k((t~!)) with an action of Gal, .

Theorem 4.8. Let L be a finitely generated extension of k. Let M be an étale T-module over L(t) that is
pure of weight 0. Then the natural map

_ _ 1
M” @y k((t™1) = (1Pt @) M)T)
is an isomorphism of finite dimensional k((t~1))-vector spaces.

Proof. For an étale T-module M over L(t), we define
V(M) = (LP(t 1) ® () M)

it is a k((t~1))-vector space with a natural action of Gal;. Let M’ and M be étale T-modules over L(t)
that are pure of weight 0. There is a natural homomorphism
(4.2) Hom(M’, M) @y k((t 1) = Homy-1y6a1,1 (V(M), V(M)

of vector spaces over k((t!)). We claim that (4.2) is an isomorphism. In the notation of Tamagawa
in [Tam95], M’ and M are “restricted L(t){t}-modules that are étale at t ! = 0”. That M is an étale
t-module over L(t) is equivalent to it being a “restricted module over L(t){7}”, and it further being
pure of weight 0 is equivalent to it being “étale at t ~! = 0” by Lemma 4.7. (Note that in Definition 1.1
of [Tam95], the submodule .# should also be an Oy -sublattice of M). Tamagawa’s analogue of the
Tate conjecture [Tam95, Theorem 2.1] then says that (4.2) is an isomorphism of (finite dimensional)
vector spaces over k((t1)). Tamagawa theorem, whose proof is based on methods arising from p-adic
Hodge theory, are only sketched in [Tam95]; details have since been provided by N. Stalder [Stal0].

Now consider the special case where the T-module M’ is L(t) with T, = OlLee)- So VM) =k(c™ V)
with the trivial Gal;-action. We have isomorphisms

Hom(M’, M) = Hom,()(L(t), M)" = M®, f— f(1)
and
Homy—1y6a1,] (V(M), V(M) = Homy-1yca,7 (k(£71), V(M) = VM), £ — £(1).
Combining with the isomorphism (4.2), we find that the natural map
M @y k(7)) = V(M)% = (L (™) @) M)T) ™0
is an isomorphism of finite dimensional vector space over k((t™1)). O

Corollary 4.9. Let L be a finitely generated extension of k. Let M be an étale T-module over L(t) that is
pure of some weight A. Then for any separably closed extension K of L, the natural map

is an isomorphism.
Proof. Fix an embedding L**? C K. We have an inclusion End(L*P((t ")) ®;(y M) € End(K(t ™) 1

M) of finite dimensional vector spaces over k((t ~!)); it is actually an equality since by Proposition 4.5(ii),
their dimensions depend only the weights of M. Hence,

End(K(t™") ®;¢y M) X/ = End(L*P(¢ ™) @) M)F /D) = End(L7P(¢71) ® 1y M)P.
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So without loss of generality, we may assume that K = L°P. Define the L(t)-module H = End,(M).
Since M is an étale T-module, we can give H the structure of étale T-module over L(t). The natural

map H™ @) k(t71) = (TPt 1) ®1n) H)T)GalL can be rewritten as
End(M) ®y(r) k(¢ ™) — End(L*P(¢ 1) ®p ) M)

So the corollary will follow from Theorem 4.8 if we can show that H is pure of weight 0.

The dual MV := Homy)(M, L(t)) is an étale T-module over L(t) that is pure of weight —A (for the
weight, one can use the characterization in terms of eigenvalues as in Proposition 4.5). If M; and M,
are étale T-modules over L(t) that are pure of weight A, and A,, respectively, then M; ® (. M, is pure
of weight A; + A, (use Lemma 4.6). Therefore H, which is isomorphic as a T-module to M" ® ;) M, is
pure of weight —A + A =0.

4.4. Proof of Theorem 4.1. Let ¢p: A— L[t] be a Drinfeld module with generic characteristic and L a
finitely generated field.

Case 1: Suppose that A= k[t] and F = k(t).
Define M,, := L[7] and give it the L[t] = L ®; A-module structure for which
(c®a)-m=cm¢,
forc €L, a € Aand m € M. Define the map 7y, : My — My by m — tm. The pair (M¢,TM¢) is

a tT-module over L[t]. As an L[t]-module, M is free of rank n with basis 8 = {1,7,..., "1}, With
respect to the basis 3, the linearization 7, olin is described by the n x n matrix

0 0 (t—by)/b,

1 0 —by/b,
B = . .

0 1 _bn—l/bn

where ¢, = Z?:o b;Tl.
For f € End;(¢), the map My, — My, m — mf is a homomorphism of L[t]-modules which com-
mutes with 7, x This gives a homomorphism End; (¢ )°P? — End(M,,) of k[t]-algebras; it is in fact an

isomorphism [And86, Theorem 1]. Note that for a ring R, we will denote by R°PP the ring R with the
same addition and multiplication a - 8 = fa

Let M (t) be the T-module obtained by base extending M, to L(t). Since My(t) is an L(t)-vector
space of dimension n with det(B) € L(t)*, we find that M(t) is an étale T-module. We have an iso-
morphism End; (¢ )°PP ® k(t) = End(M(t)) of k(t)-algebras. From Anderson [And86, Prop. 4.1.1],
we know that M, (t) is pure of weight 1/n (use Lemma 4.6 to relate his notion of purity and weight
with ours).

Define M¢, =Lt ). Forc = Zi at ™ eL(t™)and me M¢, we define

c-m= E ame,;
i

this turns 1\7¢ into a free L((t™!))-module with basis {1,7,...,7" '}. The pair (M¢,,TM¢), where
Ti, " M 6 M ¢ 1s the map m — 7m, is a T-module. One readily verifies that M ¢ agrees with the base
extension of My to L(t™Y.

Take any f € D,. Since f commutes with ¢, we find that the map M¢ — M¢, m — mf is a
homomorphism of L((t~!))-modules which commutes with 7 W, This gives a homomorphism

(4.3) D < End(M)
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of F-algebras. By Lemma 2.2(ii) and Proposition 4.5, D;pp and End(M ¢) are both F, -division alge-
bras with invariant 1/ n, so (4.3) is an isomorphism. Moreover, the isomorphism (4.3) is compatible
with the respective Gal(L/L)-actions. Restricting (4.3) to End; (¢) ®(, k((t 7)) gives the isomorphism

End; (¢)°PP @1y k(™) = End(My,) ®ppey k(t71) = End(M (1)) @y k(1.

By Lemma 4.2, it suffices to prove that Dgal(i/ 2

showing that the natural map

= End;(¢) B[] k((t™1)), which is equivalent to

End(M, (1)) ®e) k(¢ ™) — End(M )54/ = End(Z(t ™) @) M,y (1)) /D)

is an isomorphism. Since M(t) is an étale T-module that is pure of weight 1/n and L is finitely gener-
ated, this follows from Corollary 4.9.

Case 2: General case.
Choose a non-constant element t € A. Composing the inclusion k[t] € A with ¢ gives a ring
homomorphism

¢ k[t] - L[7], a > ..
By (1.1), we have ord -1(¢;) < 0 and hence ¢’ is a Drinfeld module (though possibly of a different
rank than ¢). Since ¢ has generic characteristic, so does ¢’. Let oo also denote the place of k(t) with

uniformizer ¢t 1.
Since ¢(A) 2 ¢’(k[t]), we have inclusions

End;(¢) CEnd;(¢’) and Dy S Dy

Therefore,

End; (¢) 8 Foo € D" Y € DEN/Y) = End, (¢7) @4 Fio

where the equality follows from Case 1. By Lemma 4.2, it thus suffices to prove the inclusion End; (¢ ) 2
End; (¢’). The ring End;(¢’) certainly contains ¢ (A). Since ¢’ has generic characteristic, the ring
End, (¢’) is commutative [Dri74, §2]. So End;(¢”) is a subring of L[] that commutes with ¢ (A); it is
thus a subset of End; (¢ ).

5. PrROOF OF THEOREM 1.1

Let ¢: A — L[7] be a Drinfeld module of generic characteristic and rank n. Assume that L is a
finitely generated field and that End;(¢) = ¢(A). To ease notation, we set D := Dy which is a central
F-division algebra with invariant —1/n. Several times in the proof, we will replace L by a finite
extension; this is allowed since we are only interested in p,,(W;) up to commensurability. The n =1
case has already been proved (Corollary 3.2), so we may assume that n > 2.

5.1. Zariski denseness. Let GL;, be the algebraic group defined over F, such that GLp(R) = (D ®p_
R)* for a commutative F -algebra R. In particular, we have p(W;) € D* = GLp(F, ). The main task
of this section is to prove the following.

Proposition 5.1. With assumptions as above, p,(W,) is Zariski dense in GLp,.

Let G be the algebraic subgroup of GL, obtained by taking the Zariski closure of p, (W;) in GLp; it
is defined over F,. After replacing L by a finite extension, we may assume that G is connected. Choose
an algebraically closed extension K of F,. For an algebraic group G over F,, we will denote by Gy the
algebraic group over K obtained by base extension. We need to prove that G = GLp, or equivalently
that Gg = GLp k.
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An isomorphism D®; K = M, (K) of K-algebras induces an isomorphism GLp, x = GL,, x of algebraic
groups over K (both are unique up to an inner automorphism). We fix such an isomorphism, which we
use as an identification GLp x = GL, x and this gives us an action of D ®; K on K".

We will use the following criterion of Pink to show that Gy and GLj x = GL, x are equal.

Lemma 5.2 ([Pin97, Proposition A.3]). Let K be an algebraically closed field and let G € GL, x be a
reductive connected linear algebraic group acting irreducibly on K". Suppose that G has a cocharacter
which has weight 1 with multiplicity 1 and weight 0 with multiplicity n — 1 on K". Then G = GL i .

Lemma 5.3. With our fixed isomorphism, the algebraic group Gy acts irreducibly on K™.

Proof. Let B be the F, -subspace of D generated by p,,(W;). Using that p,(W;) is a group and that
every element of D is algebraic over F,, we find that B is a division algebra whose center contains F,.
By our analogue of the Tate conjecture (Theorem 4.1) and our assumption End;(¢) = ¢ (A), we have

Centp(B) = Centp(poo(Wy)) = Fuo.

By the Double Centralizer Theorem, we have B = Centp(Centp(B)) and hence B = Centp(F,,) = D.
Let H be a non-zero K-subspace of K™ that is stable under the action of Gg. Since p.(W;) € G(F,)

and F,, € K, we find that H is stable under the action of B®; K = D ®y_ K = M,(K). Therefore,

H=K". ]

By Lemma 5.3 and the following lemma, we deduce that Gy is reductive.

Lemma 5.4 ([Pin97, Fact A.1]). Let K be an algebraically closed field, and let G € GL,, x be a connected
linear algebraic group. If G acts irreducibly on the vector space K", then G is reductive.

Let X be a model of L as described in §1.2. For a fixed closed point x of X, choose a matrix
h, € GL,(F) with characteristic polynomial Py ,(T). Let H, S GL, » denote the Zariski closure of the
group generated by h,, and let T, be the identity component of H,.. Since F has positive characteristic,
some positive power of h, will be semisimple. The algebraic group T, is thus an algebraic torus which
is called the Frobenius torus at x. The following result of Pink describes what happens when ¢ has
ordinary reduction at x.

Recall that by reducing the coefficients of ¢, we obtain a Drinfeld module ¢, : A— F,[7] of rank n.
Let A, be the place of F corresponding to the characteristic of ¢,. The Tate module T, (¢,) is a free
0, -module of rank n,, where n, is an integer strictly less than n. We say that ¢ has ordinary reduction
at x ifn, =n—1.

Lemma 5.5 ([Pin97, Lemma 2.5]). If ¢ has ordinary reduction at x € X, then T, C GL,  possesses a

cocharacter over F which in the given representation has weight 1 with multiplicity 1, and weight 0 with
multiplicity n — 1.

Lemma 5.6 ([Pin97, Corollary 2.3]). The set of closed points of X for which ¢ has ordinary reduction
has positive Dirichlet density.

We can now finish the proof of Proposition 5.1. We have shown that Gy is a reductive, connected,
linear algebraic group acting irreducibly on K". By Lemma 5.2 it suffices to show that Gy has a
cocharacter which has weight 1 with multiplicity 1 and weight O with multiplicity n — 1 on K™.

By Lemma 5.6, there exists a closed point x of X for which ¢ has ordinary reduction. Some common
power of h, and p,,(Frob,) are conjugate in GL,(K) because they will be semisimple with the same
characteristic polynomial. So with our fixed isomorphism GLp, x = GL, x, we find that T, x is conjugate
to an algebraic subgroup of Gg. The desired cocharacter of Gy is then obtained by appropriately
conjugating the cocharacter coming from Lemma 5.5.
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5.2. Open commutator subgroup. Let SLj, be the kernel of the homomorphism GLp, — G,y arising
from the reduced norm. Let PGL, and PSLj, be the algebraic groups obtained by quotienting GL; and
SLp, respectively, by their centers. As linear algebraic groups, SLj is simply connected and PGLj, is
adjoint. The natural map PSL, — PGLj, is an isomorphism of algebraic groups and hence the homo-
morphism SL;, — PGL, is a universal cover.

The commutator morphism of GL, factors through a unique morphism

[,]: PGLp x PGL, — SL;, .
Let T be the closure of the image of p.(W,) in PGLp(F,,). Let I' € SLy(F,,) be the closure of the
subgroup generated by [T',I"]. (Both closures are with respect to the co-adic topology.)

The group T is compact since it is closed and PGL(F,,) is compact. The group I" is Zariski dense in
PGL, by Proposition 5.1. If we were working over a local field of characteristic 0, this would be enough
to deduce that I is an open subgroup of PGL,(F,,). However, in the positive characteristic setting the
Lie theory is more complicated. Fortunately, what we need has already been worked out by Pink.

Theorem 0.2(c) of [Pin98] says that there is a closed subfield E of F,, an absolutely simple adjoint
linear group H over E, and an isogeny f : H Xy F,, — PGL with nowhere vanishing derivative such
that T is the image under f of an open subgroup of H(E) where f H x F., — SL;, is the associated
isogeny of universal covers.

The following lemma will be needed to show that E = F,. Let

AdPGLD : PGLD - GLmsFoo
be the adjoint representation of PGLy, where m is the dimension of PGLp,.
Lemma 5.7. Let 0 < F, be the closure of the subring generated by 1 and tr(Adpgy, (I')). Then the quotient
field of O is F,.
Proof. We will consider Adpg;,, at Frobenius elements, and then reduce to a result of Pink. Take any
element a € D*. Let ay,...,a, € F, be the roots of the (reduced) characteristic polynomial det(TI —

a). We have
tr(Adpgy, (@) = (Z )(Za ) —1=t(a) a(a ) -1

(one need only check the analogous result for PGLH,F since it is isomorphic to PGLj, ). For each
closed point x of X, define a, := tr(Adpg;,, (0 (Frob,))). We have a, = tr(p; (Frob,.))-tr(p, (Frob, ) 1)—
1 for any place A # A, of F, and hence a, belongs to F. By [Pin97, Proposition 2.4], the field F is
generated by the set {a,}, where x varies over the closed points of X (this requires our assumptions
that End;(¢) = ¢(A) and n > 2). Therefore, the quotient field of @ is F,. O

Lemma 5.7 along with [Pin98, Proposition 0.6(c)] shows that E = F,, and that f : H — PGLj, is an
isomorphism. Therefore, I is an open subgroup of SLj(F,).

Proposition 5.8. The group p.(W;) contains an open subgroup of SLp(F,).

Proof. The group p.(W, ) is a normal subgroup of p,(W,) with abelian quotient; it is also compact

since W, = Gal(L*®?/ Lk) is compact and p, is continuous. Therefore, I’ is a subgroup of p,,(W k)
The proposmon follows since we just showed that I is open in SLj(F,,).

5.3. End of the proof. We have p,,(W;) € D*. In Proposition 5.8, we showed that p,,(W;) contains
an open subgroup of SLy(F,,) = {a € D* : det(a) = 1}. To complete the proof of Theorem 1.1, it
suffices to show that det(p,(W)) is an open subgroup with finite index in F.

Lemma 5.9. The image of the the reduced norm map detop,: W, — FJ is an open subgroup of finite
index in F
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Proof. One can construct a “determinant” Drinfeld module of ¢; it is a rank 1 Drinfeld module ¢: A —
L[7] and has the property that /\% T,(¢) and T, (y) are isomorphic &, [Gal; ]-modules for every place
A # oo of F. This can accomplished by following G. Anderson and working in the larger category of
A-motives where one can take tensor products. A proof of the existence of such a 1 can be found in
[vdHO04, Theorem 3.3] and the isomorphism of Tate modules is then straightforward.

Let X be a model of L as described in §1.2. For each closed point x of X and place A # A,,00 of F,
we thus have

det(pd),oo(FrObx)) = det(pd),l(FrObx)) = pl/),A(FrObx) = pl/),oo(FrObx)-

By the Chebotarev density theorem, that det(pg o (Frob,)) equals p, ,,(Frob, ) for all closed points x
of X implies that detopy o, equals py, . The lemma now follows from Corollary 3.2 since v has rank
1. O

6. PROOF OF THEOREM 1.2

By [Dri74, p.569 Corollary] and our generic characteristic assumption, the ring A := End;(¢) is a
projective A-module and F_ :=A’ ®, F,, is a field satisfying [F__ : F,,] < n. Let F’ be the quotient field
of A’. There is a unique place of F’ lying over the place oo of F, which we shall also denote by oo, and
F!_ is indeed the completion of F’ at oo.

After replacing L by a finite extension, we may assume that A’ equals End; (¢ ). Identifying A with its
image in L[7], the inclusion map

¢’ A > L[7].

extends ¢. The homomorphism ¢’ need not be a Drinfeld module, at least according to our definition,
since A’ need not be a maximal order in F’. Instead of extending our definition of Drinfeld module, we
follow Pink and Hayes, and adjust ¢’ by an appropriate isogeny.

Let B be the normalization of A’ in F’; it is a maximal order of F’ consisting of functions that are
regular away from oo. By [Hay79, Prop. 3.2], there is a Drinfeld module +): B — L[] and a non-zero
f € L[7] such that f ¢'(x) = y(x)f for all x € A’. The Drinfeld module 1 has rank n’ = n/[F’ : F]
and End;(+p) = v (B). After replacing L by a finite extension, we may assume that y)(B) C L[7].

It is straightforward to show that the map Centi((,r—l))('l/)(A/ )) — Centy,-1)(End;(¢)) defined by

v — f~lvf is a bijection, and hence we have an isomorphism
Dy = Centp, (End;(¢)) =: By, v — flyf
The corresponding representations p, are compatible under this map.

Lemma 6.1. For all o € W}, we have p, o,(0) = f‘lpd),oo(a)f.

Proof. Choose any u € L((t~1))* such that u‘lw(Féo)u C k(7). So ufpA)fuc k(z~1)) and
hence (f 1u) 1o (F o )(f ~tu) k((t~1)). Therefore,

Pyoo(0) =0 (f Tu)TIE(f 1) = Flo()rde Oy f = F o, (0)f. O

Therefore, py o,(W; ) is an open subgroup of finite index in Centp, N (End;(¢))* if and only if p, (W)

X

is an open subgroup of finite index in D ;- However End;(vy) =1 (B), 50 Py (W, is an open subgroup

of finite index in D ;/j by Theorem 1.1 which we proved in §5.
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7. PROOF OF THEOREM 1.5

To ease notation, set D = D4 and define the (surjective) valuation v: D — ZU{+o0}, a — ord .-1(a)/d.
Let 0 be the valuation ring of D with respect to v and let ‘@ denote it maximal ideal. We have fixed
a uniformizer 7 of F, that we can view as element of D by identifying it with ¢ . Let upx be a Haar
measure for D*. We fix an open subset U of 0., and let € be the set of a € D* for which tr(a) € U.
We also fix an integer 0 < i < n, and let ¥; be the set of @ € D* that satisfy v(a) = —i.

Take any positive integer d =i (mod n) that is divisble by [[F; : F.]. Let x be a closed point of X of
degree d. We have v(p,,(Frob,)) = — deg(Frob, )/d,, = —[F, : Fy] = —d. Therefore,

V(poo(Frob )wld/My = —d + |d/n]ord .-1($,.)/do, = —d + |d/n|n = —i.
S0 po(Frob, )ml?/™ belongs to ¥; it belongs to € if and only if a, (¢)r!4/™ is in U.
Let
p: Gal, —» D™ /(m)
be the continuous homomorphism obtained by composing p.,: W, — D> with the quotient map to

D*/(m), and then using the compactness of D* /(7) to extend by continuity.
We can identify ¥;, and hence also identify ¥; N €, with its image in D* /(). This shows that

{x € |X|4: ay($)nl¥/" e U} = {x € |X|, : p(Frob,) € % N6},

which we can now estimate with the Chebotarev density theorem. By assumption, we have p,,(W;) =
D* and hence p(W,;) = 05 by Lemma 2.2(iv). Therefore, p(Gal,) = D*/(m) and the cosets of
p(Gal, ;) in D*/(m) are the sets ¥, ¥1,..., ¥,_1. By the global function field version of the Chebotarev
density theorem, we have

l{x €Xlq: p(Frob, ) S ¥ N €Y  wpx(¥%N6)

lim =
d=i (mod n),d=0(mod [F;:F,]) #|X 4 upx (%)
d—+00

It remains to compute the value upx(¥; N E)/upx(¥5).

We first need to recall some facts about the division algebra D, cf. [Rie70, §2] for some background
and references. The algebra D contains an unramified extension W of F, of degree n and an element
B such that

D=WeoewWge- ---ewp"!

where 3" is a uniformizer of F., and the map a — BafB~! generates Gal(W /F,,). Define the map

~ n—1 ;
f:W"—=D, (ag,...,qp_1)— Zi:o a;fB';

it is an isomorphism of (left) vector spaces over W. Let 6y, be the ring of integers of W and denote its
maximal ideal by p. For any integers m € Z and 0 < j < n, we have

P = £ x (")),
For a € D, the reduced trace tr(a) is the trace of the endomorphism of the W-vector space D given by

v — va. One can check that tr(f(ay, ..., a,-1)) = Try5_(ao) for (ag,...,a,-1) € W™
First consider the case i > 1. We have

V=P =PV =g x T =g x (7DD
and the measures arising from the restriction of the Haar measures of D* and W", respectively, agree
(up to a constant factor). So
ppx (%N E€)

oy~ a0 € Gy < Tryr (a0) € UD)
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where g, is the Haar measure normalized so that ug, (0) = 1. Since Try p : Oy — O is a
surjective homomorphism of 0,,-modules, we have ug, ({ag € O : Try j5_(ay) € U}) = u(U).
Now consider the case i = 0. We have

Yo=0p—B=f(Ow —p)x G5").

and the measures arising from the restriction of the Haar measures of D* and W", respectively, agree
(up to a constant factor). So

up<(H%NE)  wg,({ao € Oy —p: Tryp, (ag) € U})

upx (%) La, (O —p) .
Note that Try p_: Oy — O is a surjective homomorphism of &,,-modules satisfying Try /5_(p) =
n0,. Fix a coset k of O, in O,. Then Tr;vl/FOO(K) N (Gy — p) is the union of g1 cosets
of p in G when k # m0,, and ¢%("1 — 1 cosets when k¥ = m@,,. One can then check that
ba,{ag € Oy —yp : Tryy g _(ag) € UY)/ g, (O —p) = v(U) by taking into account this weighting of
cosets.
The following lemma will be used in the next section.

Lemma 7.1. For j > 1, we have up~({a € 6, — n0p : tr(a) =0 (mod 1/ d.,,)}) < 1/q%/.
Proof. We have f (0, —p") = 0p — n0p. One can then show that
upx({a € Oy — 0y :tr(a) =0 (mod 7/ G,,)})
<p/'({(ag,...,ay-1) € G —p" : Tryy/p_(ag) =0 (mod o))
<Lpg, ({ag € Gy : Tryp_(ag) =0 (mod 7/ 0,,)})

where y’ is a fixed Haar measure of W". This last quantity is bounded by |0, /n/ 0, | ' =q %JI. O

8. PrOOF oF THEOREM 1.7

To ease notation, set D = D and define the (surjective) valuation v: D — ZU{+o0}, a — ord -1(a)/dx.
Let 0 be the valuation ring of D with respect to v. Fix a uniformizer 7 of F, that we can view as
element of D by identifying it with ¢ ..

For each a € D*, we define e(a) to be the smallest integer such that an®® belongs to @}, (equiva-
lently, v(an®®)) > 0). Define the map

f:D* - @, a— tr(an’®)

where tr is the reduced trace. For each integer j > 1, let f;: D* — 0,/ 71/ 0, be the function obtained
by composing f with the reduction modulo 7/ homomorphism.

Lemma 8.1. If x is a closed point of X of degree d, then f;j(p(Frob,)) = 0 for all integers 1 < j <
ord(a,(¢))+ [d/n]. In particular,

Py o(d) < [{x €[X|q : fj(poo(Frob,)) = O}
forall1<j<ordy(a)+[d/n].

Proof. Set a := py,(Frob,). We have v(a) = —deg(x)/dy, = —d. Since v(7r) = ord,-1(¢,)/ds = n, we

have e(a) = [d/n]. Hence f(a) = tr(an®®) = tr(a)n®® = a,(¢)7?, which is divisible by 7/ for

any integer 1 < j < ord(a,(¢)) +e(a). O
For each integer j > 1, define the group

G;:==D"/(F(1+ mop)).
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If a,3 € D™ are in the same coset of G;, then f;(a) = 0 if and only if f;(8) = 0 [observe that flanm)) =
f(a) fori € Z, f(ua) = uf(a) foru € 6, and f;(a(1 + iy)) = fj(a) for y € 6p]. So by abuse of
notation, it makes sense to ask whether f;(a) = 0 for a coset a € G;. The subset C; := {a € G; : fj(a) =
0} of G; is stable under conjugation. The group G; and the set C; do not depend on the initial choice
of uniformizer .

Let p;: Gal; — G; be the Galois representation obtained by composing p, with the quotient map
to G; and then extending to a representation of Gal; by using that p,, is continuous and G; is finite.
Lemma 8.1 gives the bound

8.1) Py o(d) < |{x € X1y : 7;(Frob,) € C;}]
whenever 1 < j < ord,(a) + [d/n].

We shall bound P, ,(d) by bounding the right-hand side of (8.1) with an effective version of the
Chebotarev density theorem and then choosing j to optimize the resulting bound. Let éj be the image
of p;: Gal; — G; and let C ; be the intersection of éj with C;. The effective Chebotarev density theorem
of Murty and Scherk [MS94, Théoréme 2] implies that

_ - [} _
(8.2) l{x € X|4 : pj(Frob,) € Cj} < mjﬁ -#IX g + 112 (1 + (o + DI2))
J
where the implicit constant depends only on L, and the quantities m;, |2| and g; will be described
below. (Their theorem is only given for a conjugacy class, not a subset stable under conjugation, but

one can easily extend to this case by using the techniques of [MMS88].)
We first bound the cardinality of our subset C;.

dod/2

d

q

Lemma 8.2. We have |C;| < qdm(nz_z)j and |C;|/1G;| < 1/qd°°j.

Proof. We first prove the bound for |C;|/|G;|. For a € D*, we have an®® e g, — 10y, and hence
IC;] ,
ﬁ L up<({a€ Oy — Oy : tr(a) =0 (mod 7/ O, )})
J

where up~ is a fixed Haar measure of D*. From Lemma 7.1, we deduce that |C;|/|G;| < 1/qd%].
We have a short exact sequence of groups:

1- 05 /(651 + 7 6p)) = G; — Z/nZ — 0.
The group 0, /(0(1+ 1) 0)) is isomorphic to (0p /! 0,)* /(O /7! 0.,)*, and hence has cardinality

2 2.0 2
(@™ — Vg0 ey 1-1/g%" .
(g% — 1)q%=U~D 1-1/q%

This proves that there are positive constants c¢; and ¢, not depending on j, such that clqdw(”z_l)j <
IG;| < czqdoo("z_l)j. The required upper bound for |C;| follows from our bounds of |C;|/|G;| and |G;|. [

By Theorem 1.1, the index [G; : éj] can be bounded independent of j. Lemma 8.2 and the inclusion
C’} C C; shows that |5j|/|5j| < 1/q%J and |5j|1/2 < qdoo("z_z)j/Z.

We define L; to be the fixed field in L of the kernel of p;. Let ¥ and 6; be smooth projective
curves with function fields L and L;, respectively. We can take m; := []FLJ, : F; ] above, where Fr and
IF;, are the field of constants of L; and L, respectively. Theorem 1.1 implies that p,,(Gal(L*®"/ Lk)) is
an open subgroup of ¢, and hence m; < [G; : p;(Gal(L*P/ Lk))] can be bounded independently of j.

We define |2]| := ZX deg(x) where the sum is over the closed points of ¢ for which the morphism

6; — 6, corresponding to the field extension L;/L, is ramified. We may view X as an open subvariety
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of €. Since the representation p, is unramified at all closed points of X and % \ X is finite, we find
that |2| can also be bounded independent of j.

Let 2y 1 be the different of the extension L;/L; it is an effective divisor of 6; of the form D Zy d(y/x)-
¥y, where the first sum is over the closed points x of ¥ and the second sum is over the closed points
¥ of 6; lying over x. We define p; to be the smallest non-negative integer for which the inequality
d(y/x) < e(y/x)(eg;+ 1) always holds, where e(y/x) is the usual ramification index. We will prove
the following bound for g; in §8.1.

Lemma 8.3. With notation as above, we have o; < j + 1 where the implicit constant does not depend on
j-

Finally, we note that #|X|; < q%?/d. For any integer 1 < j < ord,,(a) + [d/n], combining all our
bounds together with (8.2) we obtain

1 qdmd . qdmd/z qdm(d—n 5 s j

__ *r o(n®=2)j/2 5. — deo((n®=2)j+d)/2 , 2

where the implicit constant depends only on ¢. We choose j := ord,,(a) + [d/n?]; for d sufficiently

large, we do indeed have 1 < j < ord(a) + [d/n]. With this choice of j, we obtain the desired bound

_1/n2
Pd),a(d) < qdoo(l 1/n )d.

8.1. Proof of Lemma 8.3. Fix a non-constant y € A and define h = —nd,, ord,,(y) > 1. Construct
6 € (L**P)* and ay = 1,4a;,4ay,... € L5P as in the beginning of §2. The series u = 5(2?20 a;7"") then
satisfies u™ 1 (F)u C k(t~1)). We noted above that [IFLJ, : F;] can be bounded independently of
j. So there is a finite subfield F of k that contains all the fields Fr, and also the field with cardinal-
ity ¢". Set K, = LF(5), and recursively define the subfields K;,; := K;(a;;) of L*® for i > 0. For
o € Gal(L%?/Lk), we have Po(0) €1+ /0, if only if v(pe(0) — 1) = v(oc(Wu™! — 1) = v(o(u) — u)
is greater than or equal to v(¢,jf) = jn. This implies that L; is a subfield of K.

Consider a chain of global function fields F; € F, C F5 with valuations v;, v,, and vs, respectively (so
vg lies over v, and v, lies over v;). We then have d(vs/v;) = e(v3/vy)d(vy/v1) + d(vs/v,), equivalently

d(vs/vy) _ d(vy/vy) " d(vs/vs)
e(vs/vy) e(vy/vy) e(VB/Vl),

where d(v;/v;) is the degree of the different @Fj s, at v; and e(v;/v;) is the usual ramification index.
Fix an integer j, and take any place v of L and any place w of L; lying over v. Since L € L; € Kj,,, we
can choose a place w’ of K in lying over w. Using (8.3), we have

d(w/v) _ d(w'/v)
e(w/v) = e(w'/v)’
It thus suffices to prove that d(w/v)/e(w/v) < j + 1 holds for every place v of L, j > 0, and place w
of K; lying over v. Fix a place v of L.

(8.3)

Lemma 8.4. There is a constant B > 0 such that ord,(a;) > —B holds for all i > 0 and all valuations
ord,: L% — QU {+oo} extending ord,.

Proof. From (2.1), we find that

8.4 1 d g - . ordy(a;)
(8.4) Eor vla, —a)=— +05r];151]111_1W
i+j—h>0

holds for some constant C > 0. Define B :=C /(1 —1/q).
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We will proceed by induction on i. The lemma is trivial for i = 0, since ord,(ay) = 0. Now take
i > 1. If ord,(a;) = O, then we definitely have ord,(a;) = —B. Suppose that ord,(a;) < 0. Then the
roots of (2.1) as a polynomial in a; are a; + b with b in the subfield of k of cardinality q"; we have
h
ord,(a; + b) = ord, (q;) for all such b (since ord,(a;) < 0), so ord,(a;) = ordv(a? —a;)/q". By (8.4)
and our inductive hypothesis, we deduce that

ord,(a;)>—-C—-B/q=-B(1-1/q)—B/q= —B. O

I_:emma 8.5. For aﬁx.ed integer j = 0, let w; and w;; be places of K; and K, respectively, such that w;
lies over v and wj,; lies over w;. We then have

dwji1/w;) <C-e(wjyq/v)
where C is a non-negative constant that does not depend on j.

Proof. Choose an extension ord, : L**®* — Z U {+oo} that corresponds to w;,, when restricted K; ;. We
defined a;; to be a root of a certain polynomial X ¢ _X+ B; with 8; € K;. Let kj, be the subfield (of

Ky) of cardinality q". We have x4 — X + B; = ]_[bekh(X —aj;1 + b), so for each o € GalKj, there is
a unique y(o) € ky, such that o(a;;1) = ajq +y(0). Since k; € Kj, we find that y: GalKj — ky is a
homomorphism whose image we will denote by H. Define the additive polynomial g(X):=]] pey X +
b) € k;[X]. The minimal polynomial of a;, over K; is thus

gX —ajy1) =gX) — glaj41) €K;[X],

and the extension K;/K; is Galois with Galois group H.

The extension Kj,/K; is a variant of the familiar Artin-Schreier extensions. If ord,(g(a;41)) =
0, then Kj,/K; is unramified at w; [Sti93, Prop. 3.7.10(c)], so d(w;,;/w;) = O and the lemma is
trivial. So we may suppose that m := —ord,(g(a;;;)) > 0 and that K;,/K; is ramified at w;. We
then find that K;,/K; is totally ramified at w; and that d(wj,/w;) < (|H| — 1)(m + 1)e(w;/v) (see
[Sti93, Prop. 3.7.10(d)]; the factor e(w;/v) arises by how we normalized our valuation). Therefore,
d(wjyi/w;) < (m+ 1)e(wjiq/v). It thus suffices to prove that ord,(g(a;;;)) can be bounded from
below by some constant not depending on j; this follows immediately from Lemma 8.4. O

We finally prove that d(w/v)/e(w/v) < j + 1 holds for every place v of L, j > 0, and place w of K;
lying over v. If the place v corresponds to one of the closed points of X, then we know that p.,, and
hence K, is unramified at v; so d(w/v)/e(w/v) = 0. We may now fix v to be a one of the finite many
places of L for which p, is ramified.

Fix a positive constant C as in Lemma 8.5. After possibly increasing C, we may assume that
d(wg/v) < Ce(wq/v) holds for every place wy of K, lying over v. Take any places w; of K; for j > 0
such that w;, lies over w; and w, lies over v. By (8.3) and Lemma 8.5, we have

d(Wj+1/V) _ d(Wj/V) 4 d(Wj+1/Wj) < d(Wj/V)

e(wit1/v) B e(w;/v)  e(wjq/v) ~ e(w;/v) .

Since d(wgy/v)/e(wy/v) < C by our choice of C, it is now easy to show by induction on j that
d(w;/v)/e(w;/v) < C(j+1) holds for all j > 0.

9. ProoOF oF THEOREM 1.12

Recall that D = D, is the centralizer of ¢ (A) in L((z™1). Since ¢ has rank 2, we have ord.1(¢,) =

2 ord,,(a) for all non-zero a € A. The homomorphism ord.-1: D* — Z is thus a valuation. The ring of
integers of D is 0, = DN L[[7~!]]. Fix an element 8 € D* with ord,-1() = 1 and a uniformizer 7 of
F...
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Set L’ := Lk and define the group G := Po(Galy/). By Lemma 2.2, the group G equals 05 N p (W)
and is a closed subgroup of . Since k is algebraically closed in L, we find that ord -1(p,(W;)) = Z.
Therefore, p,,(W;) = D if and only if G = 7.

We now show that G has large reduced norm.

Lemma 9.1. We have det(G) 2 1+ n0,,.

Proof. Let p be any monic irreducible polynomial of k[t] such that b, and b, are integral at p and
b, Z 0 (mod p). We also denote by p, the corresponding place of L = k(t). Since ¢ has good reduction
at p, there are unique a,, b, € A such that det(TI — p,(Frob,)) = x2 - a,x + b, for every place A of
F except for the one with uniformizer p. From Theorem 5.1 of [Gek91], we have b, = ¢,p for some
g, € k*.

Let ¢': A— L[] be the Carlitz module, i.e., the homomorphism of k-algebras that maps t to t + 7.
Let a := py o: W, — F be the co-adic representation attached to ¢’. From Example 1.11, we find

—

that a(Frob,) = p for all monic irreducible polynomial p of k[t] and that the image of a is (t)(1+ 7 0,,).
From Lemma 2.2(iv), we deduce that a(Gal;/) is equal to a(W,)N G =1+ 10

Define the character y: W, — F by y(o) = det(py(0))a(c) L. For all but finitely many monic
irreducible polynomials p of k[t], we have y(Frob,) = b,p - pl = b, which is an element of k™.
Therefore, y(W;) € k*. There is thus a separable extension K/L’ of degree relative prime to g such
that y(Galg) = 1 and hence detop |G, = @lgay,- Since [K : L’] is relatively prime to g, the group
det(p.(Galg)) = a(Galg) contains 1+ 0. O

The following group theoretic result will be proved in §9.1.

Proposition 9.2. Let G be a closed subgroup of 0y that satisfies det(G) 2 1+ n0,,. Then G = 0, if and
only if the reduction map G — (0p/B%0)* is surjective.

Our group G = p,(Galy/) is closed in &5 and satisfies det(G) 2 1+ nd,, by Lemma 9.1. By
Proposition 9.2, we find that G = @, (equivalently, p,,(W;) = D*) if and only if the homomorphism

p: Galy =5 0 — (0] 0p)"
is surjective, where the last homomorphism is reduction modulo 3" &},.
Let K be the extension of L’ that is the fixed field in L*P of the kernel of . We thus have p,(W;) =

D* if and only if the extension K /L’ has degree |(6,/B%0,)*| = (¢*> — 1)q*. The theorem now follows
immediately from Lemma 9.3 below.

Lemma 9.3. We have K =L'(6,a;).

Proof. Set ay = 1. We chose 6 and a; € L* satisfying (1.2). Recursively choose a,,as,a,... € L so
that a?z —a; = —ta;_p — 597 'bya] ,. Define the series u := §(},~, a;7 ") =6 +86a;7 ' +.... The
a; and & are chosen as in §2 with n =2, y =t and by, = t. Our homomorphism p. : W; — D* was
defined so that p,(0) := o(u)rdes@)y =1,

Take any o € Gal;/. We have p,,(0) = o(wWu! € 6} since k € L’. We have (o) =1 if and only if
Poo(0) € 1+ B20y; equivalently, ord,-1(p,(0) — 1) > 2. Since ord,-1(p(0) —1) = ord -1 (o (u) —u),
we find that (o) = 1 if and only if 0(6) = 6 and o(5a;) = da;. Therefore, K is the extension of L’
generated by 6 and a;. O

9.1. Proof of Proposition 9.2. One direction is obvious; if G — (&,/B%0)* is not surjective, then
G # 0. So assume that the reduction map G — (0 / B20p)* is surjective. We need to prove that
G=0}.
There is no harm in replacing D by an isomorphic division algebra over F,,. Let k, € k be the
quadratic extension of k. We may assume that D is of the form k,(t™!)) where ta = a9t for all a € k,
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and that F., = k((7)) is the center where 7 := 772, cf. §2.1. Since q is odd, there is an element a € k—k
such that a® € k. Set 8 := 7~ !. We then have

D=Fy +Fy,a+FpB+Fyaf

with a? € k* C FX, f? = € FX and Ba = —af8. The ring of integers @, of D is a rank 4 module over
Oy, = k[[7]] with basis {1,a, 8, af}.

Take any integer n > 1 and define the group G,, =GN (1+ " 0p). Let

r’~/)n: Gn/Gn+1 - ﬁD//jﬁD
be the injective homomorphism which take a coset representative 1+ 5"y to the image of y modulo
P Oy. The field 0,/ 0p is a quadratic extension of k and has k-basis {1, a}; here we are identifying a
by its image in the residue field. Denote the image of 1, by g,,.
Let S be the commutator subgroup of G. Define the group S, = SN (1+ B"0p). The inclusion map
S, — G, induces an injective homomorphism S,,/S,,,1 — G,/G,, that we view as an inclusion. Define

SUbGFOUp 5, = Yn(Sn/Sns1) Of gy
Lemma 9.4. We have S C 1+ 0p and s; = Op /3 Op.
Proof By assumption, the map G — (6,/B%0,) is surjective. The image of S in (6,/B%0;)* thus

agrees with the commutator subgroup of (,/B20,)*; a quick computation shows that it is equal to
the image of 1 + $0). The lemma follows easily. 0

We now show that the other groups s,, are large.
Lemma 9.5. Take any integer n > 1. If n is odd, then s, = O/ 0p. If n is even, then s, 2 ka.

Proof. We have n = 2m + e for unique integers m and e € {0,1}. Take any g = 1+ f8x € G; and
h=1+ "y € G,. The follow calculations are done in the ring @y, /B"20):

ghg' =1+1+px) "y - (1+px)"
=1+(1+Bx)-p"y-(1—-px)
=1+p"y +pxp"y —"yBx
=1+B"y +B" (B xB -y — B yB - x).
The last equality uses that 32 = 7 is in the center of @},. Therefore,
ghg 'h ' =1+ (B~ xp*-y —B'yp-x).
Since ghg'h™! €S, this proves that the image of B~ xf3°-y — B~yB - x in 6,/B 0 lies in s,,,;.

Let f be the automorphism a — a? of the field &,/ 6;. Conjugation by 8! on @}, induces the map
f on the quotient &,/ 0. The above computations show that we have a well-defined bilinear map

xy—f(y)x if n is even,
f(x)y — f(y)x ifnisodd.

We can now prove the lemma; we proceed by induction on n. The case n = 1 follows from
Lemma 9.4; in particular, 1 and a belong to s; € g;. Now suppose that s, has the desired form
and hence a € 5, € g,. Then b,(1,a) and b,(a,a) belong to s,,,1. If n is odd, then b,(1,a) = 2a
and hence ka C s,,;. If n is even, then b,(1,a) = 2a and b,(a, a), = 2a% € k , and thus s, ; equals
k+ka = 0,/ 0p. (We are of course using that k has odd characteristic.) O

bn:glxgnqﬁn—{-la (X,J’)'—){

We can now give an explicit description of S.

Lemma 9.6. The group S is equal to the subgroup of 1+ 3 0y, consisting of elements with reduced norm 1.
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Proof. Let H be the subgroup of 1+ 30, consisting of elements with reduced norm 1; we need to show
that S = H. The group H contains the commutator subgroup of &, since the quotient &;; /H is abelian
(the reduced norm takes values in 0’02 and 0,/ 0p is a field). Since S is contained in the commutator
subgroup of &, we deduce that S C H.

For each integer n > 1, define H,, = H N (1 + 8" 0p). The inclusion map S — H induces an injective
homomorphism

(9-1) Sn gSn/Sn+1 (_)Hn/Hn+1

By Theorem 7(iii) of [Rie70], the k-vector space H,,/H,,; has dimension 1 or 2 when n is even or odd,
respectively. By comparing dimensions and using Lemma 9.5, we find that the homomorphism (9.1) is
an isomorphism for all n > 1.

The groups S and H are closed subgroups of 1+ 80, with S € H and the natural maps S,,/S,41 —
H,/H,, are isomorphism for all n > 1. This is enough to ensure that S = H. 0

Lemma 9.7. The group G contains all elements of 0, with reduced norm 1.

Proof. Consider the norm map
(92) (ﬁD/ﬁﬁD)>< _)(000/7T000)X

of fields; it arises from reducing the norm det: g — 0.
The group (6,/B0p)* is cyclic of order g> — 1. Fix an element g, € G whose image in (6, /8 0))*

has order q — 1; this uses our assumption that G — (&,/B%0,)* is surjective. The sequence {gg |
converges in G to an element g; with order g — 1 that agrees with g, modulo 0. We have det(g;) =
det(go) = 1 (mod m@d,,) since the kernel of 9.2 is cyclic of order ¢ — 1. We have det(g;) = 1 since
det(g;) has order dividing ¢ — 1 and it lies in 1 + 7, O,.

Now take any a € 0 with reduced norm 1. The image of a in /0, thus lies in the kernel of
the norm map (9.2). There is thus an integer 0 < i < q — 1 such that agi belongs to 1+ 0p. Since
det(a gi) =1, we have ag; { € G by Lemma 9.6. Therefore, a belongs to G. O

To prove that G = &, it suffices by Lemma 9.7 to show that det(G) = 0. We have det(G) 2 1+n0,,
by assumption, so it suffices to prove that the homomorphism

det
G— (ﬁD/ﬁﬁD)>< - (ﬁoo/ﬂ:ﬁoo)><
is surjective. This is clear since the first map is surjective by our assumption that G has maximal image
modulo 326, and the second map is the norm map between finite fields.
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