THE LANG-TROTTER CONJECTURE AND MIXED REPRESENTATIONS

DAVID ZYWINA

ABSTRACT. For a fixed elliptic curve E over Q and imaginary quadratic field k, let Pg x(z) be the
number of primes p < z for which the reduction of £ modulo p has complex multiplication by k.
We shall show that Pg () <z z(loglogz)?/(logx)?, and Pg i (z) <r x*/°/(logz)'/® assuming
the Generalized Riemann Hypothesis. These are the best known bounds on Pg (z), and represent
progress towards the Lang-Trotter conjecture which predicts that Ppx(z) ~ Cri - z'/?/logx as
x — 00, for an explicit constant Cg,, > 0.

The argument uses the Galois representations occurring in the original heuristics of Lang and
Trotter, which mix the Galois representations coming from the action on the torsion points of F
with those from the class field theory of k. With these representations, our bounds for Pg ;(x) will
be deduced using effective versions of the Chebotarev density theorem.

1. INTRODUCTION

1.1. The Lang-Trotter conjecture. Let F be an elliptic curve defined over Q, and let Ng be
the product of the primes for which E has bad reduction. For each prime p { Ng, let E, be the
elliptic curve over I, obtained by reduction modulo p. The ring EndFP(Ep) is either an order of
an imaginary quadratic extension of Q (when E has ordinary reduction at p), or an order of a
quaternion algebra (when F has supersingular reduction at p). It is natural to ask how frequently
these different fields occur as the prime p varies.

Fix an imaginary quadratic extension k/Q, and define the counting function
Pri(z):=#{p<z:pfNg, Ende(Ep) ®z Q = k}.

In the rest of this paper, we will assume that x > 3 in order to ensure that all our bounds are
defined and uniform.

First consider the case where E has complex multiplication by an imaginary quadratic field K.
Since Endg(E) injects into Endg, (Ep), we have Ende(Ep) ®z Q = K for all ordinary primes p of
E. Thus if K 2k,

Pop(z) ~ %77(3;)

as * — oo, where 7m(z) is the number of rational primes less than x (i.e., k& shows up half the time
as the endomorphism field of the E,’s). If K 2 k, then Pg j(z) = 0.

If E does not have complex multiplication things are much more complicated. In this case, there
is the following conjecture of Lang and Trotter [LT76].
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Conjecture 1.1 (Lang-Trotter, 1976). Let E be an elliptic curve defined over Q without complex
multiplication, and let k be an imaginary quadratic extension of Q. There is an explicit constant
CEgr > 0 such that

21/2

Pgp(x) ~ —
Bk (T) Ek log 7

as x — 00.

Remark 1.2. Heuristics for Conjecture 1.1 and a description of the constant Cg j, will be given in

Appendix A.

Conjecture 1.1 is formulated in a slightly different way than in [LT76]. For each prime p t Ng,
let m,(E) be the Frobenius endomorphism in Endﬁp(Ep). The endomorphism 7,(E) is a root of an
integral polynomial

2% — ay(E)x + p.
Hasse showed that |a,(E)| < 2./p, so the field Q(m,(E)) is an imaginary quadratic extension of Q.
Thus for ordinary primes p, EndFP(Ep) ®z Q = Q(mp(E)). Our counting function becomes

Pg (z) = #{p < = : E has ordinary reduction at p, Q(7,(F)) = k}.
If p > 3 is a prime of supersingular reduction, then Q(m,(E)) = Q(y/—p). Thus
#{p <z :p{ Ng,Q(mp(E)) = k} = Ppi(z) + O(1),

which is the quantity studied by Lang and Trotter and of course has the same conjectural asymp-
totics.

We now justify our restriction to imaginary quadratic fields. Suppose that p f Ng is a prime
where F has supersingular reduction, then Endﬁp(Ep) ®z Q is the unique quaternion algebra over
Q ramified precisely at p and oo. Thus if K is not an imaginary quadratic field, then we have
PE7 K(JJ) < 1.

1.2. Known bounds. Conjecture 1.1 seems to be extremely difficult, and in lieu of a proof
it is interesting to find non-trivial bounds on Pgj(x). No lower bounds are known, if fact
limg 0o Pe(z) = oo is not known for a single non-CM E/Q and field k. We shall now focus
on upper bounds.

In [Ser81, p.191], J.-P. Serre asserts (but does not prove) that using Selberg sieve techniques one
can show

x
Pg () <p Togz) for some v > 1,

and under the Generalized Riemann Hypothesis (GRH)

1)

Pgi(z) <pp 2 for some 6 < 1.

The first proof to appear in the literature occurs much later, and is due to Cojocaru, Fouvry, and
Murty [CFMO05]. They use a sieving technique called the square sieve to show

z(log log ) 13/12

(log 7)25/24
and Pg () <y, 77/ logx under GRH. Cojocaru and David [CDO08] have since used the square
sieve to prove P x(z) <y '3/ log x under GRH.

Pg () <ng (1 + #{p : p ramifies in k}),

In his collected papers, Serre [Ser86, p.715] remarks that instead of a sieve, one could use a

mixed f-adic representation to deduce a bound Pg () <gj 2° (assuming GRH). The technique
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involves constructing a certain f-adic Galois representation r: Gal(Q/Q) — GLa(Zy) x GLa(Zy),
and then applying an effective version of the Chebotarev density theorem. The first factor of r
comes from the Galois action on the f-adic Tate module of F, while the second factor come from
a Hecke character of k. A sketch of this method can be found in §6 of [CFMO05].

Following Serre’s ideas, Cojocaru and David [CDO08] have proven assuming GRH that

L4/

Pg i (v) <Npg hy Wy

where hj is the class number of k. Though they do not state the dependence on hy explicitly, the
proof shows that the implicit constant grows like hz/ % in terms of the class number.

1.3. Statement of results. In this paper we present an upper bound on Pg () that has better
asymptotics and dependence on k than earlier bounds. Our technique is similar to the approach of
Serre, but is really motivated by the Galois representations occuring in Lang and Trotter’s original
heuristics for Conjecture 1.1. The needed representations will be defined in §2. The key difference
with the method of Serre is that it is turns out to be more convenient (and simpler) to work over
the Hilbert class field of k rather than over . Our main result is the following upper bounds on

Pr ().

Theorem 1.3. Let E be an elliptic curve defined over Q without complex multiplication. Let k be
an imaginary quadratic extension of Q, and let hy be the class number of k.

(i) Assuming the Generalized Riemann Hypothesis,
1 .’13‘4/5

—r ————— + 2'/%(log z)*(log log )*.
h2/5 (log )1/ + z*/*(log x)*(log log )

PEJg(H?) <<E

.. . . 1/2
(i) There is a constant ¢ > 0 depending on E such that for loglogx > cd,’~,

z(loglog )?

Pex(r) <& (log z)?

Remark 1.4.

(i) If one is not interested in the dependence of the bounds on the field k, then we have
simply Ppi(z) <gp 2%°/(logz)/® under GRH, and Pg(z) <px x(loglogz)?/(logx)?
unconditionally. However, the dependence of the constant on & is important for applications
like Corollary 1.5 below.

(ii) The heuristics in [LT76] for Conjecture 1.1 use only properties of E that can be expressed
in terms of the Galois action on its Tate modules and the Sato-Tate law. Lang and Trotter
axiomatized their heuristics beyond non-CM elliptic curves E/Q to “GLy-distributions of
elliptic type” (see [LT76, Part I §1] for definitions). Though we make no further mention
of it, the proof of the above theorem also works in this more general setting.

(iii) There is another major conjecture in the book [LT76]. Let E/Q be a non-CM elliptic curve
and fix an integer ¢ € Z. Define the counting function

Ppy(z) =#{p <z :pt Nk, ap(E) = t}.
Lang and Trotter conjecture that there is a constant C'r; > 0 such that

2172

PE,t(CC) ~ CE,t logz
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as ¢ — oo (if Cgy = 0, then this is defined to mean that there only finitely many p such
that a,(E) = t). The best known general upper bounds are

LA/

Pg(z) <p W

under GRH, and

z(loglog z)?
(log 2)”
unconditionally (analogous results are proven in [MMS88, Mur97] for modular forms, and
the proofs carry over immediately to elliptic curves). Theorem 1.3 thus gives the analogue
of these bounds for Conjecture 1.1 and its proof uses many of the same techniques.
(iv) We do not work out the dependency on E in our bounds, but it can be verified that it
depends only on the integer Ng.

Ppi(x) <Eg

Let Dg(x) be the set of imaginary quadratic extensions k/Q (in some fixed algebraic closure of Q)
for which there exists a prime p < z with EndFP(Ep) ®z Q= k.

Corollary 1.5. Let E be an elliptic curve defined over Q without complex multiplication. Assuming
the Generalized Riemann Hypothesis,
22/

(log x)2’
Remark 1.6. This improves on the bound |Dg(z)| > x/*/(logz)? from [CDO0S, Corollary 5].

|Dp(z)| >F
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NOTATION

Let f and g be complex valued functions of a real variable z. By f < g (or g > f), we shall
mean that there are positive constants C; and Co such that for all z > C1, |f(x)] < Calg(x)|.
We shall use O(f) to represent an unspecified function g with g < f. The dependencies of the
constants C7 and Cs will be always be indicated by subscripts on the symbols <, > and O; in
particular, no subscripts implies that the constants are absolute.

Define the logarithmic integral, Li(z) = [ lfgtt. The function Li(x) is asymptotic to z/logx as

x — 00.

Let F be a number field. Let F be a fixed algebraic closure of F, and let F2P be the maximal
abelian extension of F in F. We denote the ring of integers of F' by Op. For each nonzero prime
ideal p of O, let N(p) be the cardinality of the field O /p. Let ¥ be the set of nonzero prime
ideals of Op, and let X (x) be the set of p € X p with N(p) < x. Let dr be the absolute discriminant
of F.

Consider a Galois extension L/F of number fields with Galois group Gal(L/F). Fix ap € ¥
that is unramified in L and choose a P € ¥, dividing p; we will denote by (B, L/F) € Gal(L/F)
the corresponding Frobenius automorphism. The conjugacy class of (B, L/F) in Gal(L/F) does
not depend on which prime € ¥, we chose, and will be denoted by (p, L/F) or simply Frob, if
the field extension is clear from context.

The symbol k will always denote a imaginary quadratic extension of Q. Let hi be the class
number of Oy, and wy the number of roots of unity in k. Whenever k is being used, we will denote
the Hilbert class field of k£ by H. For an integer m > 1, let ¥(m) be the number of distinct prime
divisors of m. Finally, the symbols ¢ and p will only be used to denote rational primes.
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2. GALOIS REPRESENTATIONS

In this section, we describe the Galois representations that will be needed for our proof of
Theorem 1.3. These are amongst the representations used by Serge Lang and Hale Trotter in their
heuristics for Conjecture 1.1 (cf. Appendix A).

2.1. Torsion fields of elliptic curves. For the basics on elliptic curves see [Sil92]. Fix an elliptic
curve E defined over a number field F'. For each integer m > 1, let E[m] be the group of m-~torsion in
E(F). The natural Gal(F'/F)-action on E[m] gives a representation, p: Gal(F'/F) — Aut(E[m]).
We denote by F(E[m]) the fixed field in F of ker p, thus p induces an injective homomorphism
pE/Fm: Gal(F(E[m])/F) — Aut(E[m]).

The group E[m] is a free Z/mZ-module of rank 2, so there are well-defined trace and determinant
maps, tr: Aut(E[m]) — Z/mZ and det: Aut(E[m]) — (Z/mZ)*. B

Let p,, be the group of m-th roots of unity in F. Let x: Gal(F'/F) — (Z/mZ)* be the

character such that o(¢) = ¢X(9), for all ¢ € pm, o € Gal(F/F). This character induces an
injective homomorphism

XFm: Gal(F(um)/F) — (Z/mZ)™ .
If Q(pm) N F = Q, then xp,, is an isomorphism. The next lemma is a direct consequence of the
compatibility of the Weil pairing of £ with the Galois action.

Lemma 2.1. With notation as above, F(p,) C F(E[m]), and for all o € Gal(F(E[m])/F)
det pg/pm(0) = XFm (0] F(um))-

For a finite group G, let G’ be the derived subgroup of G; i.e., G’ is the smallest normal subgroup
of G such that G/G’ is abelian.

Lemma 2.2. If m is a positive integer relatively prime to 6, then GLo(Z/mZ)" = SLa(Z/mZ).
Proof. See Corollary 8 of the appendix to [Coj05]. O

Lemma 2.3. Let E be a non-CM elliptic curve defined over a number field F', and let m be a
positive integer relatively prime to 6 such that pgpy, is an isomorphism. Then

F(E[m]) N F™® = F ().
é?rz’oof. By assumption pg/py,: Gal(F(E[m])/F) — Aut(E[m]) is an isomorphism, so by Lemma
| Gal(F(E[m])/F) = {o € Gal(F(E[m])/F) : det pg/pm(0) = 1}.
From Lemma 2.1, we deduce that Gal(F(E[m])/F)" = Gal(F(E[m])/F(im)). Therefore,
Gal(F(E[m]) N F**/ F) = Gal(F(E[m))/F)/ Gal(F(E[m])/F)’ = Gal(F(ti:)/F)
and the lemma follows. O

The following deep theorem, which is vital for this paper, is due to Serre.

Theorem 2.4. Let E be a non-CM elliptic curve defined over a number field F'. There is a positive
integer Ap r such that the Galois representation

o/ pm: Gal(F(E[m])/F) — Aut(E[m))

is an isomorphism for all m relatively prime to Ag r.

Proof. This follows from [Ser72, p.299 Théoréme 3'], which says that the index
(Aut(Elm]) : ppym(Gal(F(Elm])/F))

is bounded independent of m. [l



We now specialize to the case that will be of interest to us.

Lemma 2.5. Let E be a non-CM elliptic curve defined over Q. There is a constant cg > 0 such
that for any imaginary quadratic extension k of Q with Hilbert class field H,

pe/me: Gal(H(E[(])/H) — Aut(E[(])
18 an isomorphism for all primes £ > cg that are unramified in k.

Proof. By Theorem 2.4, there is a constant cg > 5 such that pg /g is an isomorphism for all primes
{ > cg. Take any ¢ > cg which is unramified in k.

In order to show that pg /g e: Gal(H(E[(])/H) — Aut(E[(]) is an isomorphism it suffices to show
that Q(E[¢]) N H = Q, since in this situation we have a canonical isomorphism Gal(H (E[{])/H) =
Gal(Q(£[/])/Q) and pg/q, is an isomorphism.

Suppose that Q(E[¢]) N H # Q. The field Q(E[¢]) N H is a solvable extension of Q, so there is a
field L C Q(E[¢]) N H with L/Q a non-trivial abelian extension. By Lemma 2.3, L is a subfield of
Q(pe) NH (¢ # 2 or 3, since we have chosen cg > 5). We deduce that L is unramified over Q at all
prime numbers except possibly ¢. However, L is a subfield of H which is unramified at ¢ (since k
is). Therefore, L is unramifed over Q at all finite places and thus L = Q, contradicting that L/Q
is a non-trivial extension. g

Remark 2.6.

(i) The constant cg of Lemma 2.5 is independent of the field k.
(ii) The constant ¢y can be bounded explicitly in terms of Ng (for example, see [Coj05, Theorem
2]). Serre has asked whether one can take cp = 41 [Ser81, p.399 Question 2].

Given an elliptic curve F over a number field F' and a prime p € X of good reduction, define
ap(E) = N(p) + 1 — [Ex(Or/p)l.

Fix a positive integer m. If p € X is a prime of good reduction for E which does not divide m,
then p is unramified in the extension F(E[m])/F. By Lemma 2.1,

det (pE/F,m(FrObp)) = XF,m(FrObP) = N(p) (mOd m),
and one can show that
tr (pg/pm(Froby)) = ap(E) (modm).

2.2. Class field theory of k. Let k be an imaginary quadratic extension of Q. We now review
some class field theory concerning k; this will be especially simple since k has no real places and
the group O is finite.

Fix a p € Yj. Given a fractional ideal a of k, let vp(a) € Z be the power of p occuring in
the factorization of a. For a € k*, define vp(a) := vy(aOy) (and extend this definition by setting
vp(0) = +00).

Fix a nonzero integral ideal m of k. Let S(m) be the set of maximal ideals of O dividing m

and let [ ,f (™ be the group of fractional ideals of k generated by ¥ — S(m). Define the following
subgroups of k*:
km ={a € k™ : vy(a) =0 for all p/m}
and
km1 ={a € km : vp(a — 1) > vy(m) for all pjm}.

Now consider the group homomorphism ¢: ky — IkS (m), which takes an element of k., to the
fractional ideal of k it generates. The ray class group modulo m is then defined as

Clo = 17 ™ Ju(kpn1).
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Note that for m = Oy, Clp, is just the usual class group of k, which we will also denote by Cl;.

Lemma 2.7. Let m be a nonzero proper ideal of Op. Define a group homomorphism
Bm: (Og/m)* = Cly, a+m— aOy - i(km1)-
There is an exact sequence of groups
1— 00X N (1+m) S (0p/m)* B Cly Ll — 1,
where « is reduction modulo m and v is induced by the natural map I,f(m) — Clg.
Proof. 1t is straightforward to show that
(2.1) 1= 0 N(14+m)=0; Nkni — OF — kn/kmi — Cly = Cly — 1

is an exact sequence. We have a natural inclusion, kg <— O, ., where O, is the m-adic completion

of Of. Composing with the reduction modulo m map gives a group homomorphism, f: kn —
(Okm/MmOk m)* = (O/m)*. This induces an isomorphism, f: km/km1 — (Or/m)*. Identifying
kwm/km1 in (2.1) by (Og/m)* via the isomorphism f, gives the desired exact sequence. O

There is a unique abelian extension k(m) of k (in a fixed algebraic closure k of k) that is unramified
outside S(m) and for which the Artin map

L = Galk(m)/k), a— T (o, k(m) k)™
peX;—S(m)

has kernel i(km,1) (note that we can view (p, k(m)/k) as an element of Gal(k(m)/k) since the group
is abelian). This induces a group isomorphism
(2.2) Pk(m)/k* Clm = Gal(k:(m)/k)

The field k(m) is the ray class field for m. The field k(Oy) is the Hilbert class field of k, which we
will always denoted by H. For a nonzero integer m, we will write k(m) instead of k(mOy).

Fix an integer m > 5. We now apply the above class field theory with m = O and mQOy. The
following diagram commutes,

Clino, —— 2%, Gal(k(m)/k)
J PH/k l
Cly —— % Gal(H/k),

where the left and right maps are quotient and restriction maps respectively. The commutative
diagram induces an isomorphism

(2.3) rmy/k: ker (Clyo, — Clp) = Gal(k(m)/H).

Since m > 5, one can check that O, N (1 4+ mOy) = {1}. By Lemma 2.7, there is an isomorphism

~

(2.4) Bmoy: (Ok/mOy)* /O S ker (Clyo, — Cly),

where we have identified O, with its image in (O/mOj)™. Composing the inverses of (2.3) and
(2.4) defines an isomorphism

(2.5) Y Gal(k(m)/H) 5 (O /mOy)* JOX.

We now give an explicit description of how the map 1, ,,, acts on Frobenius elements.
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Lemma 2.8. Let m > 5 be an integer and p{ m a rational prime. Suppose that p splits completely
in H, and let P € Xg be a prime ideal dividing p. The prime ideal p = P N Oy is principal. For
any generator m € O of p, we have

T/Jk,m(FrObsp) = (TF + mOk)O,j € (Ok/mOk)X /O;:

Proof. Since p splits completely in H, it must be principal; so there is indeed an element 7 € Oy
generating p. The map (2.4) sends (7 +mOy)O; to the ideal class in Cl,,0, of 7O = p. The map
Pr(m)/k sends the ideal class containing p to the Frobenius element (p,k(m)/k) € Gal(k(m)/k).
Since p splits completely in H, (p,k(m)/k) = (B,k(m)/H). The lemma is now immediate from
our definition of ¥y . O

Remark 2.9. Lemma 2.8 actually gives a full description of 9, ,, since every element in Gal(k(m)/H)
is of the form Frobg with B as in the lemma (this is an easy consequence of the Chebotarev density
theorem).

Let N: (Ox/mOy)” /O — (Z/mZ)* be the norm map, which is well defined since the norm
map takes value 1 on O}.

Lemma 2.10. Fizx an integer m > 5. Then H(um) C k(m), and for all o € Gal(k(m)/H)

N @rm(0)) = Xam(0| H(um))-

Proof. Let p{m be a prime that splits completely in H and let 8 € X5 be any prime dividing p
(such B have density 1 in the prime ideals of H). Fix a generator 7 of 8 N O. By Lemma 2.8,

N(@km((B, k(m)/H))) = N(r) = N(B) (modm).
Since X i#,m (B, H(pm)/H)) = N(PB) (modm), we have
(2.6) N(Qkm((B, k(m)/H))) = Xrm (B, H (pn) /H)).

If any such P splits completely in k(m), then by (2.6) it also splits completely in H(p,). Class
field theory then tells us that H(u.,) C k(m). For any o € Gal(k(m)/H), there exists a P € Xy
dividing a rational prime p f m such that p splits completely in H and o = (3, k(m)/H). Then
(2.6) becomes N (Yg.m (o)) = Xa,m (0 H(m))- O

We now consider the trace map
Tr: Or/mOy — Z/mZ.

Lemma 2.11. Let m > 5 be an integer and p{m a prime. Suppose that p splits completely in H,
and let P € Xy be a prime ideal dividing p. Then

Tr(¢g,m(Frobg)) = {Try/q(7) (modm) : 7w € Oy generates P N Oy}
Proof. Let w be a generator of B N Of. By Lemma 2.8, ¥y, m (Froby) = (w + mOy) O
Tr (¢ m (Frobg)) = Tr ({w( +mOy, : ( € OF })
= {Trg/g(w() (modm): (¢ € Or}

= {Try,/q(m) (modm) : m € Oy that generate P N O} O
8



2.3. Mixed representations. Let E be a non-CM elliptic curve over QQ, and let k£ be an imaginary
quadratic field. In this section, we combine the Galois representations pg, g, and ¥ ,. Fix any
integer m > 5. Define the number field

the Galois group
G(m) = Gal(L(m)/H),
and the group
G (m) = {(A,u) € Aut(E[m]) x ((O/mOy)*/OF) : det(A) = N(u)}.
We then have an important homomorphism
U G(m) = 4 (m), o= (pp/am(@laEm)): Vkm(lkmm)) -
The map ¥,, is well-defined, since by Lemmas 2.1 and 2.10
det(pp) .m0l HEm))) = XEm (T H ) = N Wkm(0lkm)))-
The map VU, is injective since both pg/ g, and Yy, are injective.

Remark 2.12. The notation just introduced does not indicate the dependence on F or k, which will
always be fixed whenever these concepts appear.

Lemma 2.13. Let m > 5 be an integer relatively prime to 6 such that pg; gy, is an isomorphism.
Then H(E[m]) Nk(m) = H (fim).

Proof. We have already seen that H(E[m]) D H(um) and k(m) 2 H(pm), so H(E[m]) N k(m) D
H (1) . Since k(m) is an abelian extension of H, we deduce from Lemma 2.3 that H(E[m])Nk(m) C
U

H (pim).

Lemma 2.14. Suppose m > 5 is relatively prime to 6 and pg gy, is an isomorphism. Then ¥,
s an isomorphism.

Proof. We already know that ¥, is injective, so all that remains to prove is surjectivity. Take any
(A,u) € 4(m). Since pg /g m and Yy, are isomorphisms, there exist o' € Gal(H(E[m])/H) and
0" € Gal(k(m)/H) such that pg/pm(0’) = A and ¢ m(0”) = u. By Lemmas 2.1 and 2.10, we
have

XHm (0| H () = det pp/m(0’) = det A = N(u) = N(Yem(0”)) = Xtm (0" | mun))»
and thus o'|g(,,.) = " H(u,,)- By Lemma 2.13, H(E[m])Nk(m) = H(pi,), so there exists a unique
o € Gal(H(E[m])k(m)/H) = G(m) such that o|g(gpm)) = ¢’ and o) = o”.

\Ilm(a) = (pE/H,m(O-‘H(E[m]))awk,m(a|k(m))) = (pE/H,m(U/)’¢k,m(UI/)) = (Avu) U

3. FROBENIUS CONDITIONS ON Pg

3.1. An upper bound. Consider the following subset of G(m), which is stable under conjugation:

(3.1) C(m) == {o € G(m) : tr(pg am(olr(BEm))) € Tr(Wikm(olkmm))} -

Lemma 3.1. Let p be a prime where E has good ordinary reduction and Q(m,(E)) = k; then p
splits completely in H. If m > 5 is an integer with p t+ m, then (P, L(m)/H) C C(m) for all
P € Xy dividing p.

9



Proof. To ease notation, let k = Q(m,(E)). Since m,(E) is a root of 2? — a,(E)z + p, we have
ap(E) = Try g (mp(E)) and p = Ny /g (mp(£)). The equality p = Ny q (7p(E)) implies that p is
either split or ramified in k, so
POr =p-p7,
where p = 7,(E)Oj and 7 is the non-trivial automorphism of k. If p is ramified in k, then
ap(E) = Try g (mp(E)) = mp(E) + mp(E)" € p+p" =p.

Hence a,(E) = 0 (mod p), contradicting our assumption that E had ordinary reduction at p. There-
fore, p splits in k. Since p and p” are principal ideals in O, the prime p splits completely in H.

Fix an m > 5 relatively prime to p. Take any P € Xy dividing p. From above, there is a
m € {mp(E), m,(E)"} which generates PNO;,. Since p splits completely in H we have Oy /B = Z/pZ.
Thus N(B) = p and
ap(E) = |Ep(Ou/B)| = (N(B) +1) = |[Ep(Z/pZ)| — (p + 1) = ap(E).
By Lemma 2.11,
Try /() (mod m) € Tr(yg m(Froby)).
Since tr(pg/m,m(Froby)) = ap(E) = ay(E) = Try g(m) (modm),

tr(pE/Hm(Froby)) € Tr(yym(Froby)).
Therefore, (P, L(m)/H) C C(m) as desired. O

Definition 3.2. Let L/K be a Galois extension of number fields with Galois group G, and let C
be a subset of G stable under conjugation. Define

mo(z, L/K) = #{p € ¥k (x) : p unramified in L, and (p, L/K) C C}.

Proposition 3.3. Let E/Q be a non-CM elliptic curve and let k be an imaginary quadratic exten-
sion of Q. Fiz an integer m > 5. Then

1
PE,k(x) < Thkﬂ'C(m) (xv L(m)/H) + V(m)7
where C'(m) C G(m) is defined as in (3.1), and L(m) is defined as in §2.5.

Proof. Let p < x be a prime relatively prime to m such that F has good ordinary reduction at p
and Q(m,(E)) = k (equivalently Endﬁp(Ep) ®z Q = k).

Lemma 3.1 shows that p splits completely in H and hence pOp factors into [H : Q] = 2hy, distinct
prime ideals P € Xy all of norm p. Given any such B € Xy, we have (P, L(m)/H) C C(m).

Therefore .
#{p <x: pJ(mNE,Ende(Ep) ®z Q= k} < %WC(m)('x7 L(m)/H)v

and hence Pg i (z) < ﬁﬂc(m) (z,L(m)/H) + v(m) by including the primes which divide m. O
3.2. Cardinality of conjugacy classes. In order to use the Chebotarev density theorem to
estimate Pg () (via Proposition 3.3), we need estimates on |C(m)| and |C(m)|/|G(m)|. We limit

ourselves to the case where m is prime. Though one could compute these values exactly, we will
be satisfied with upper bounds. Let x be the Kronecker character of the field k.

Lemma 3.4. Let £ > 5 be a prime that is unramified in k, then
[%(0)] = £(¢ = 1)*(€ + 1)(¢ = x(£)) Jwr,

where 4 (0) is defined as in §2.3.
10



Proof. Since ¢ is unramified in k (and hence also in H), the character xp¢: Gal(H(ue)/H) —

(Z/ez)* is surjective. Therefore by Lemma 2.10, the homomorphism N: (O /lOy)*/O; —

(Z/eZ)* is surjective. The homomorphism det: Aut(E[(]) — (Z/¢Z)* is also surjective.

_ [Aut(E[)] - [(Ok/tOr)*/OF|
[(Z/¢z)>]

The lemma follows by noting that [(O/fOk)*| = (£ —1)(£ — x(¥)). O

% (0)] (0% = 1)|(Ox/LOR) " | /i

Lemma 3.5. Suppose ¢ is a rational prime unramified in k. For any t € Z/{Z and d € (Z/VZ)*,
#{u € (O /LOL)” : N(u) =d, Tr(u) =t} < 4.
Proof. Suppose that u € (O /€Oy)* satisfies N(u) = d and Tr(u) = ¢t. Then u is a root of the
polynomial f(z) =22 —tx +d € Z/{Z]x].
e If / is inert in k, then Oy /lO) is a field. Therefore f(x) = 0 has at most two roots in

O /LOy,.
o If 7 splits in k, then there is a ring isomorphism Oy /¢Oy = Z/lZ x Z/lZ. So f(x) =0 has
at most four roots in O /(Oy. d

Lemma 3.6. Let £ > 5 be a prime that is unramified in k.
(i) Then
[L(€) : H] = |G(6)] < €€ = 1)*(£ + 1)( = x(0)) /wr,
with equality holding if pg/p e is an isomorphism.
(i) If pp/m,e is an isomorphism, then

() < ¢*  and

Proof.

(i) The map W, is always injective, so [L({) : H] = |G(£)| < |9 (£)|. If pg/m,e is an isomorphism
then Uy is an isomorphism by Lemma 2.14, so [L(¢) : H| = |G(¢)| = |9(¢)|. Part (i) now
follows from Lemma 3.4.

(ii) By Lemma 2.14, ¥;: G(¢) — ¢ () is an isomorphism and hence

T(C(0) = {(A,u) € () : tr(A) € Tr(u)}.

|C(0)] = #{(A,u) € 4(¢) : tr(A) € Tr(u)}
= #{(A,u) € Aut(E[(]) x ((Or/tOk)*/O]) : det(A) = N (u),tr(A) € Tr(u)}
< #{(A,u) € Aut(E[l]) x (O /LOk)* : det(A) = N(u),tr(A) = Tr(u)}

By Lemma 3.5,

IC(0)| < 4-|Aut(E[(])| < 4¢*,
Using wy, < 6 and our formula for |G(¢)| from part (i), we have 1/|G(¢)| < 1/¢°. Therefore,
IC(O|/|G(0)] < £4)065 =1/ O

3.3. A zero density result. We now give a simple consequence of the work done so far.

Proposition 3.7. Let E be a non-CM elliptic curve defined over Q, and let k be an imaginary
quadratic extension of Q. Then
. Pr ()
im

= 0.
v—o0 T(2)

In other words, the set of primes p such that Ende (Ep) ®z Q = k has natural density zero.

11



Proof. Consider any prime ¢ > 5 such that ¢ is unramified in k and pg/p, is an isomorphism.
By Lemma 2.5, these conditions will be true for all £ sufficiently large. By Proposition 3.3 and
the Chebotarev density theorem, limsup, . Pgi(x)/m(z) < ﬁ|0(€)]/|G(€)] By Lemma 3.6,

limsup, ., Pri(z)/m(z) < ﬁ. Since this holds for all sufficiently large primes ¢, we deduce that
limsup,_ ., Prk(z)/m(x) = 0. O

Theorem 1.3 gives an effective version of Proposition 3.7. In order to prove the theorem we will
need effective versions of the Chebotarev density theorem.

4. EFFECTIVE CHEBOTAREV DENSITY THEOREMS

Let L/K be a Galois extension of number fields with Galois group G. Let C be a subset of G
stable under conjugation. Recall from Definition 3.2 that

mo(z, L/K) = #{p € ¥k (x) : p unramified in L, and (p, L/K) C C}.

The Chebotarev density theorem says that as x — oo,

ro(z, LK) = :g} Liz + o(

An effective version would give an explicit error term.

logx)'

The extension L/K is said to satisfy Artin’s Holomorphy Conjecture (AHC) if for each non-
trivial irreducible representation p of G, the Artin L-series L(s, p) has analytic continuation to the
whole complex plane. The Generalized Riemann Hypothesis (GRH) asserts that the Dedekind zeta
function of any number field has no zeros with real part > 1/2.

4.1. The constant M(L/K). Let L/K be an extension of number fields. Define
M(L/K) = [L: K™% ] »
peP(L/K)
where dg is the absolute discriminant of K and
P(L/K) := {p : there exists a p € X such that p|p and p is ramified in L}.
Lemma 4.1. Let K C F C L be number fields, then M(F/K) < M(L/K).
Proof. This is immediate from [F': K] < [L: K| and P(F/K) C P(L/K). O

4.2. Conditional versions of the Chebotarev density theorem.

Proposition 4.2. Let L/K be a Galois extension of number fields with Galois group G. Let C' be
a subset of G stable under conjugation, and let H be a normal subgroup of G such that HC C C.

(i) Suppose that GRH holds. Then

we(z, L/K) = :gIL +0(|g|| V2 :Q]log(M(L/K)x)).

(ii) Suppose that GRH holds and that AHC is true for the extension L /K. Then

oz, LK) = :g;L +o((||§||)1/ (K : Qlog(M(L/K)z)).

Proof.
12



(i) The H =1 case is a consequence of Remark 3 following [Ser81, Théoreme 4].
Now suppose H # 1, and let C be the image of C in G/H = Gal(L¥ /K). The inclusion
HC C C (which is equivalent to HC = C) implies that |C| = |C|/|H]|.
Let p € Xk be a prime ideal unramified in L. Choose any P € ¥, dividing p. The equality
HC = C implies that (B, L/K) € C if and only if (BN Opu, L /K)= (B, L/K)-H e C.
Therefore (p, L/K) C C if and only if (p, L /K) C C. We deduce that

r5(z, L? /K) = no(z, L/K) + O([K : Q||P(L/K))),

where the error term bounds the number of prime ideals in X which are ramified in L and
unramified in L¥. By the case already done and Lemma 4.1,

sz, LY /K) = |C£7“HL13;+O(|C\371/2[ @]1og( (LH/K)a:>>

C| Cl 1204 .
= g b +0(’H| /[K.Q]log<M(L/K)a:)>
and hence
C] €] 1 .
mo(w L/K) = 14 i +o(’H| 2K Qllog(M(L/K)) +[K : QI|P(L/K)).

The desired error term follows by noting that |C|/|H| > 1 (unless C' = (), in which case the
proposition is trivial), and |P(L/K)| < 2log([ e p(/x)P) < 2log M(L/K).
(ii) See [MMSS88, Proposition 3.12]. O

Remark 4.3. Artin’s Holomorphy Conjecture is known for abelian extensions, because in that
case Artin L-functions are also Hecke L-functions which are known to have the desired analytic
continuation. We will later apply Proposition 4.2(ii) in the case where G/H is an abelian group,
and hence the resulting estimate will be conditional only upon GRH.

4.3. Unconditional versions of the Chebotarev density theorem.

Lemma 4.4. Let L be a number field. If L = Q, then ((s) = (g(s) has no zeros in the real interval
1/2 <o < 1. If L # Q, then the Dedekind zeta function (r(s) has at most one zero in the real
interval, 1 — (4logdy) ' <o < 1.

Proof. See [Sta74, Lemma 3. O
Definition 4.5. If the exceptional zero of Lemma 4.4 exists, then we will denote in by (Gr.

Proposition 4.6. Let L/K be a Galois extension of number fields with Galois group G. Let C
be a subset of G stable under conjugation, and let ||C|| be the number of conjugacy classes of G
contained in C.

There is an absolute constant ¢ > 0 such that if x > exp(lO -[L: Q](log dL)Q) , then

Wc(l"L/K)_;g}L iz ;g: Li(z ﬂL)—i—O(HC’erxp( [iog(&)>’

where the term }G} Ll(xfBL) is present only when the exceptional zero By, exists.

Proof. See [LO77, Theorem 1.3]. O

Proposition 4.7. Let L/K be a Galois extension of number fields with Galois group G. Let C

be a subset of G stable under conjugation, and suppose H is a normal subgroup of G such that
13



G/H is abelian and HC C C. There are absolute constants b,c > 0 such that if logz > b[K :
QJ(log M(L/K))?, then

Cl ;. ICl 1+ ar [CINY2 o
Wc(ZE,L/K)—@LISL‘ §@L1(x )+O<(H) [K.Q]a:exp(—c

log
(K : Q]
IC|

where the term el Li(a:fBL) is present only when the exceptional zero By exists.

)(log(M (L/K)2))?).

Proof. This follows from [Mur97, Theorem 4.6], though see Remark 4.8. We have assumed that
G/H is abelian, so one can show (in the notation of [Mur97]) that dg/z = 1 and |xq/u(C)| <

ICl =IC|/|H]. O

Remark 4.8. Proposition 4.7 is a special case of [Mur97, Theorem 4.6], which treats the case where
AHC holds for all characters of the Galois group G/H (which need not be abelian). It also gives a
more precise dependence on the exception zero than we have (we will make use of only the trivial
bound (1, <1 in our application). Unfortunately, due to some printing problems a few typos were
introduced into the published version of [Mur97]; in particular |D|'/2/|H| should be replaced by
(|D|/|H|)Y? in [Mur97, Theorem 4.6].

4.4. The function 7¢(z, L/K). Let L/K be a Galois extension of number fields with Galois group
G. For each prime ideal p € X, choose any P € X dividing p. We then have a distinguished
Frobenius element oq € Dy/Isp, where Dy and Iy are the decomposition and inertia subgroups of
G at PB. Let ¢ be a class function on G. For m > 1, define

1
@(Fmb;n) = m Z ©(9)-
% gEDqg
glgp :O}TﬁeDm/qu
As the notation suggests, the value of ¢(Froby') is independent of the choice of P € Xp. For p
unramified in L, this definition agrees with the value of ¢ on the conjugacy class Froby® of Gi. Define

~ 1
() == Z @(Frobp) and 7,(x) = Z E@(Frob;n).
peX i unramified in L peEX,m>1
N(p)<=z N(p™)<z

Definition 4.9. Let L/K be a Galois extension of number fields with Galois group G. Let C be a
subset of G stable under conjugation, and let dc: G — {0,1} be the characteristic function of C.
Define 7¢(z, L/ K) := 75 (x).

Fix a finite group G and an element s € G. Let C(s) be the conjugacy class of G containing
s, and let Centg(s) be the centralizer (i.e., the group of g € G such that gsg~! = s). The orbit-
stabilizer formula gives |Cq(s)| = |G|/| Centa(s)|.

Let H be a subgroup of GG, and suppose that ¢ is a class function of H. The induced class
function on G is defined by (Ind% ¢)(g) = ﬁ doteG t-1gteH o(tLgt).

Proposition 4.10. Let L/K be a Galois extension of number fields with Galois group G, and let
H be a subgroup of G.

(i) For any class function ¢ of H,
%Indg <p($) = Tp().
(ii) For any s € H,
%CH(S)(QU,L/LH) = [Centg(s) : Centy(s)] - Ty (s)(z, L/ K).

Proof.
14



(i) See [Ser81, Proposition 8(a)].

(ii) Let 6¢y,(s): H — {0,1} and d¢,5): G — {0,1} be the characteristic functions of C'y(s) and
Cq(s) respectively. One can check that Indg dcp(s) = A+ 0cq(s) for some A. Thus using
part (i),

%CH(S) (.’L’, L/LH) = %50}1(3) (x) = %Indg Seg(s) ({L‘) =\ %5()@(3) (1‘) =\ %Cg(s) (1‘, L/K)
To compute A, we use Frobenius reciprocity (see [Ser77, Theorem 13]).

A ICa)
[Centa(s)] |G

- <)\ 1005 1G>G

— <1ndg Scur () 1G>

G
[Cr(s)] 1
= (9 1 = = U
< Cr(s) H>H |H | | Cent g (s)]
The next proposition bounds the difference between 7¢(z, L/K) and 7o (x, L/ K).
Proposition 4.11. Let L/K be a Galois extension of number fields with Galois group G.
(i) Let ¢ be a class function of G, and define ||p|| = sup,eq |¢(s)|. Then
_ 1 OV al/2
Fo(a) — mo(x) < [|¢]] ([L g g+ K Qe )
(ii) If C is a subset of G stable under conjugation, then
~ 1
#o(z, L/K) — ne(a, L)K) < [K : Q] (m log dp, + x1/2>.
Proof. Part (i) is [Ser81, Proposition 7]. Part (ii) follows from (i) by letting ¢ be the characteristic
function of C. U

5. PRELIMINARY BOUNDS

Throughout this section we fix a non-CM elliptic curve E defined over Q and an imaginary
quadratic extension k/Q.

In §5.1 and §5.2, we give some bounds that will show up in our proofs. In §5.3, which is not
needed for the rest of the paper, we use an effective Chebotarev density theorem to prove (under
GRH) that

1 $7/8

12/* (log z)1/2

The reason for proving this bound (which is usually weaker than Theorem 1.3) is to illustrate the
basic principle of the proof without the extra group theory calculations of §6.

Ppr(z) <p + ' (log 2)*.

5.1. Trivial Pgj(x) bound. The following easy lemma shows that for a fixed k, the function
Pg i,(z) vanishes for small z.

Lemma 5.1. If di > 4x, then Pg(z) = 0.

Proof. Suppose p < z is a prime such that Q(m,(E)) = k. Thus Q(\/a,(E)? —4p) = Q(v/—dk),
and one shows that —dj, divides a,(E)? — 4p (the divisibility with respect to the prime 2 follows
from a,(E)? — 4p being congruent to 0 or 1 modulo 4). Therefore, di, < 4p — a,(E)? < 4z. O

15



5.2. A bound on log M(L/K).

Lemma 5.2. For a finite extension L/K of number fields,

! > logp+ |P(L/K)|log[L : K].

1
L-q 8= [L-K])
Y per(r/K)

1
[L:Q] (K : Q]

Proof. See [Ser81, Proposition 4.

log di + (1 —

O

Lemma 5.3. Let £ > 5 be a prime that is unramified in k, and let K be a field such that H C K C

L(¢). Then [T@ logdx < 10g(€d/1§/2)'

Proof. We first use Lemma 5.2 and the inclusions P(K/H) C P(L(¢)/H) C {{} U{p: p|Ng}.

log dge < logdy + > logp+|P(K/H)|log[K : H]

1 1
Q) Q) i

1
< g logdg +10g({Ng) + (v(Ng) + 1) log[L(¢) : H]
From Lemma 5.2 and P(H/k) = (), we have ﬁ logdy < ﬁ logdy, = 3 logdy. By Lemma 3.6,
[L(¢) : H] < £°. We now combine these facts with the previous inequality to obtain
1 1
———logdg < = logdy, + log(¢N Ng) + 1) log(£°
K o8l = g logde+ 0g((Ng) + (v(Ng) + 1) log(£”)
1 1/2
<Eg 3 log dj, + log(¢) = log(¢d,'~). O

Lemma 5.4. Let ¢ > 5 be a prime that is unramified in k. Let K and L be Galois extensions of
H such that H C K C L C L(£). Then log M(L/K) < log(¢d,’?).

Proof. By the definition of M (L/K), log M(L/K) = log[L : K] + mlog di + X pep(r/K) 108 -
By Lemma 3.6 we have [L(¢) : H] < 3, by Lemma 5.3 we have mlog dx <g log(ﬁd,tﬂ), and
since P(L/K) € P(L({)/H) we have }_ cp ) logp < log({Ng). Therefore, log M(L/K) <p
log(fdi/ 2) as desired. O

5.3. A quick bound on Pgj(xz). We may assume that dj < 4z (otherwise by Lemma 5.1,
Pg ,(x) = 0, and our final bounds will be vacuously true).

Fix a prime £ > 5 such that ¢ is unramified in k¥ and pg/p, is an isomorphism; we will make a
specific choice of £ later. There is an injective homomorphism

it (L)L) —9(0), a— <a-I,a>.

The image ¢((Z/¢Z)*) lies in the center of ¢ (¢) and hence is a normal subgroup of ¢(¢). Let ()
be the corresponding normal subgroup of G(£) under the isomorphism ¥,: G(¢) = 4 (¢). We find
that

H(O)C(L) € C(0),
since the trace maps tr: Aut(E[(]) — Z/{Z and Tr: (O/LOy) ¥ — ZJUZ commute with multipli-
cation by elements of (Z/¢Z)*. By Proposition 3.3, Pg j(z) < ﬁﬂ‘c(f) (x,L(¢)/H) + 1. Assuming
GRH, by the Chebotarev density theorem (Proposition 4.2(i)),

1 /|cw)] .. 1C(0)] .
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Using Lemma 3.6 and Lemma 5.4,

11z s 1/2
(5.1) Pgi(r) <g Sy [logz + 0Pz log<€dk w)
Since dj < 4z,

11 3,.1/2
(5.2) Pgi(r) <p — T ilog s + £2x* log(fx).

We now need to choose a specific prime ¢ to minimize our bound. The expression i%b’é -

(resp. £32'/21log(¢x)) is a decreasing (resp. increasing) function of ¢. In order to achieve an op-
timal bound in (5.2), we want both terms to be of roughly the same magnitude. Thus we certainly

want ¢ < z, and hence hope to find ¢ with ¢* ~ i %

Lemma 5.5. There exists an absolute constant v > 5 such that for any y > v, if y > 2logdy then
the interval [y, 2y] contains a prime not dividing dy.

Proof. By the prime number theorem, there is an absolute constant v > 5 such that for y > ~,
ZySpr logp > y/2. Suppose y > 7 and all of the primes in the interval [y, 2y| divide dj. Then
log dj, > Zy§p§2y logp > y/2. Therefore, if y > ~ and logdy < y/2, then there exists a prime not
dividing dj, in the interval [y, 2y]. O
We now break up our bound of Pg () into two cases.
. 1 1/2 1/4
Case 1: Suppose (h—k(l(fgix)Q) > log(4x).

1/4
Lety = 2(&%) +cg+7, where cg is the constant from Lemma 2.5 and + is the constant

from Lemma 5.5. Using our assumption dj < 4z, we have y > 2log(4x) > 2logdy. Therefore by
Lemma 5.5, there exists a prime £ { dj in the interval [y, 2y]. Note that ¢ is unramified in k, ¢ > 5,
and pg /e is an isomorphism (since £ > cg). With this choice of £, (5.2) becomes

11 =z
Pri(z) <g — 2 4yt loga
hi ylogx

(logz)?\1/4 =z 1 z'/2 \3/4 172
h —_——— 1
<E hy ( R ) log x (hk (log$)2> 08T
1 z/®

3 (log ) 2

1/4
W) < log(4x).
Let y = 2log(4x) + cp + 7. Since y > 2log(4x) > 2logdy, Lemma 5.5 tells us that there is a
prime £ in the interval [y,2y]. Note that ¢ is unramified in k, £ > 5, and pg/ g, is an isomorphism
(since £ > cg). With this choice of ¢, (5.2) becomes

Case 2: Suppose (hk( z'/?

11
P - 3 1/21
wr(2) <p hkylo x+y og T

v /21

hi (log :)?
< 2% (logz)* + 2'/?(log 2)* = 22"/ (log x)*.
17
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We record the result obtained by combining the two cases.

Proposition 5.6. Assuming GRH, Pg;(x) <g 3/4 1/2 + 212 (log z)*. O

<1ogx>

Remark 5.7. Assume GRH and AHC. Proceeding as above, except using part (ii) of Proposition

4.2, we obtain

Ppi(r) <pg Iy {Tog 03212 log(¢d,’ “x).

This is precisely the statement of Lemma 6.3(i), except with the additional assumption that ¢ is
split in k and without the AHC assumption. The main idea in §6 is to reduce the bounds to abelian
extensions where AHC is known to hold.

6. THE PROOF OF THEOREM 1.3

Fix a non-CM elliptic curve F defined over Q and an imaginary quadratic extension k of Q. The
following proof has clearly been motivated by the work of Murty, Murty, and Saradha [MMSS88§].

Let £ > 5 be a prime such that ¢ splits in k and pg g, is an isomorphism. We will later make a
more specific choice of /.

6.1. Setup and a Frobenius condition. Define the set
(6.1) C () ={o € C(¢) : det(x] — pr/m(c|m(Ep))) has a root in Z/lZ},

where C(¢) was defined by (3.1). The set € (¢) is stable under conjugation in G(¢). The next lemma
gives a refinement of Proposition 3.3 in the case where m = £ is a prime that splits in k.

Lemma 6.1. Fiz a prime { > 5 that splits in k such that pg y ¢ is an isomorphism. Then
1
T 5T (@, L(0)/H) + 1.

Proof. Let p < z be a prime such that E has good ordinary reduction at p and Q(m,(E)) = k.
Suppose that p # ¢. Then Lemma 3.1 shows that p splits completely in H and for each 3 € X
dividing p, (B, L(¢)/H) C C(¢). For B € Xy dividing p, the polynomial

det(xI — pg/p,(Froby)) = 2* — agp(E)z + N(P) = 2% — a,(E)x + p (mod ¢)

has a root in Z/¢Z, since by assumption ¢ splits in k = Q(WP(E)). Therefore, (B, L(¢)/H) C €(¢).
So

Pg () <

#{p <@ pfNp,Endg, (By) 92 Q2 k} < 5 Trsm)(x L(¢6)/H)
and the lemma follows by including the prime £. (|

Choose a Borel subgroup B of Aut(E[{]) (i.e., there is an isomorphism Aut(E[¢]) = GLa(Z/(Z)
under which B corresponds to the group of invertible upper triangular matrices). The following
subgroup of G(¢) will play an important role in the proof:

B() ={0€GW): pr/uiolaEn) € B}
The inverse image of B under the map

G(l) — Aut(E[]), o pg/aeolaEm))
is #(0). Thus [G({) : B(L)] = [Aut(E[{]) : Bl ={¢+1, so
(6.2) [L(0)%O . Q] = 2hi [L(6)7D) : H] = 2h,[G(L) : B(0)] = 2hi(€ + 1).
Define the set

D:=F)NABL) =CU)NAB).
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Lemma 6.2. Fiz a prime { > 5 such that £ splits in k and pg g, is an isomorphism. Then
1
Pux(e) < gymo(a LI/ 70) + O (¢108(0dy?) + £2172).

Proof. Any element of € (¢) is conjugate in G(¢) to an element of Z(¢). Choose a subset I' C Z(¢)
such that there is a disjoint union
() = U Ca(7)

yel’
(recall that for a group G and an element s € G, C(s) is the conjugacy class of s in G). Thus

i), L0 JH) < Fogiy(, LO/H) = Ty () (@, L0/ H),
yerl

and by Proposition 4.10 (with G = G(¢), H = #A(¢), L = L({)),

me @) (z, L(0)/H) < Z[Centa(e) (7) : Centygey ()]~ - TCom () (=, L(¢)/L(£)”Y)
~yel'

<D T @ LO/LO7O) < Fple, LIO/LE)?O).

yel’
So by Proposition 4.11(ii),

mete) (e, L /H) < mp(e, LO/LEO) + O (L0 : Q) logdy + ) ).

1
[L(£) - Q]
Lemma 5.3 gives Wl)@] logdp) <E log(éd,lgp). This and (6.2) gives

T0(@, L)/ H) < wp(a, L(0)/L(OPD) + Op(2hy (£ + 1)(log(¢d,?) + 21/?)).
The lemma then follows from Lemma 6.1. ]
We now apply our effective versions of the Chebotarev density theorem.
Lemma 6.3. Fiz a prime { > 5 such that £ splits in k and pg/g, is an isomorphism.

(i) Assuming GRH,

PE,k( )<<E ﬁliJrﬁ/? 1/210g(€d1/2 )

(ii) Unconditionally, there is an absolute constant ¢y > 0 and a constant c; > 0 depending on

2
E such that if logz > CQhk€<log(hk€)) . then

Ppy(z) <p +— hkélog + £ xexp< c1y/ I g)(log(hkfm))

Proof. Let us make things a little more explicit. Fix a group isomorphism a: Aut(E[(]) &
GL2(Z/0Z) such that B maps onto the group of invertible upper triangular matrices. This in-
duces an isomorphism

Wap: G(0) > {(A,u) € GLy(Z/0Z) x ((O4/LO)7 JOF) = det(A) = N(u)}
o (a(PE/H,E(U|H(E[Z]))))7wk,f(a‘k(z)))

That W, is a well-defined isomorphism is a consequence of ¥, being an isomorphism (Lemma
2.14). Therefore,

Uoo(B(0) = {(A,u) € GLo(Z/UZ) x ((Or/LOk)*JO) : det(A) = N(u), A upper triangular}.
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Consider the following subgroup of #(¢),
H = q/ae{(( ),(a+€(9k)(9 ) Lac (Z/zZ)X,beZ/ez}.
The homomorphism
Voo B(0) = (Z/(2)* x ((0/t00)*/0F),  ((82).u) = (a7 e,a™"0)

has kernel W, ;(7). Therefore J is a normal subgroup of #(¢), and the quotient Z(¢)/ is
abelian. Since the group Gal(L({)” /L(£)?®)) = %B(¢) /. is abelian, Artin’s Holomorphy Conjec-
ture is known to hold for the extension L(£)” /L(£)?®). One readily verifies that s#D C D.

Before applying the Chebotarev density theorem, we first need to bound some of the values that
will occur.

|ID| = #{(A,u) € 9(¢): A€ B,tr(A) € Tr(u)}
= #{(A,u) € B x ((Op/LO)*JO)) : det(A) = N(u), tr(A) € Tr(u)}
< #{(A,u) € B x (O /LO)* : det(A) = N(u),tr(A) = Tr(u)}
Using Lemma 3.5, we find that |D| < 4|B| < 4¢3. By Lemma 3.6, 1/|%8(¢)| = [G(¥) : B(0)]/|G(¢)| =
(£+1)/|G(0)| < 1/€*. Tt is clear that |#| = £(¢ — 1). Therefore,
Dl D
< - and — <L
(B L |
From (6.2), [L(£)?®) : Q] = 2h(¢ +1). By Lemma 5.4,
log M(L(0)/L(t)" V) < log(d,)
(i) Assume GRH. We now apply Proposition 4.2(ii) (without any extra AHC assumption!).

mp (e, L(6)/L()7)

_ ‘;31(”)‘ Liz +O((|Q|)1/2x1/2[L(€)@(e) Q] 1og< (L (g)/L(g)%’(é))x>>
<E %lith 3/2, 1/210g(€d1/ 7)

(ii) We now apply Proposition 4.7 with the trivial bound Sy < 1. For logz > [L(£)%?®) .
Q](log M (L(£)/L(£)#®)))? (and hence also if logz >p hkﬁ(log(ﬁdi/z))Q),

mp(a, L(6)/L()7)

<« AP pio o (2010070 - Quexp (e[ B2 Y 10g(M(L(0)/L()"O)z)

(0] ] L(67® Q]
li 3/2 _logz 1/2
<5 ey + el e (e |58 ) log(tdy )

1 =z 3/2 logx 1/2 \y2
<<“ + hit xexp( ”Tk€>( g(ld,’“x))*,

where ¢; > 0 is an absolute constant. We can replace d,lg/ 2 by hy, since log(dllg/ 2) <L loghi+1

by the Brauer-Siegel theorem.
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In both cases, combining the upper bound of 7p(z, L(£)/L(£)?¥) with Lemma 6.2 concludes the
proof. O

6.2. A conditional choice of /. It remains to choose a specific prime ¢ in Proposition 6.3. Assume
that GRH holds (the next section will give the unconditional argument).

Lemma 6.4. Assume GRH. There is an absolute constant v > 0 such if % > vlogdy, then there
exists a prime { that splits in k and lies in the interval [y, 2y].

Proof. By Proposition 4.2(i),

2 dt
—— + O(y"*log(dyy))

: its i </ < =
#{0: 0 splitsin k, y < <2y} /y og 1

1
2
Iy
2log(2y)

There exist absolute constants ¢; > 0 and ¢ > 0 such that for y > ¢y,

> —i—O(yl/2 logy—l—yl/2 log dy,).

1
#{¢: ¢ splits in k, and y < ¢ <2y} > - v coyt/?log dy,
4logy

1 1/2
= fyl/Q (y— — 4co log dk>.
4 logy

Let v = sup{402,ci/2}. If % > vlogdy, then y > ~2 > ¢1. So,
yl/2

— 4co log dk>
logy

1
#{p:psplitsin k, y <p <2y} > 191/2(

1 1/2
> ,y1/2(97 — vlogdk> > 0. O
4 logy

By Lemma 5.1, we may assume that di < 4z. We now break up our proof of Theorem 1.3(i)
into two cases.

2/5
m1/22) > (log - log log x)2.

Case 1: Suppose that (im

The idea is to chose a prime £ such that both terms in the right hand side of the inequality
in Lemma 6.3(i) have roughly the same magnitude.

2/5
Let y = C(ﬁ%) + cg + 5, where cg is the constant from Lemma 2.5 and C' > 2
is an absolute constant still to be chosen. By our hypothesis, y > C(log z - log log x)2. Since

yl/2 /logy is increasing for large v,
y'/% /logy > CY?(log z - loglog z) /(log C + 2log log )
1/2 Cc1/2
1
logC 87 Tog C

> log dj.

By choosing C' sufficiently large and using Lemma 6.4, we may assume that there exists a

prime ¢ that splits in & and lies in the interval [y, 2y]. Note that ¢ splits in k, ¢ > 5, and

PE/H,¢ 18 an isomorphism (since £ > cg). We now use our choice of £ in the interval [y, 2y],
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in the bound of Lemma 6.3(i).
11 =

PE,k(*@ <E EZ@ 1 03/221/2 log(ﬁdiﬂx)
11 = 3/2,1/2
PR 1
hi ylogx +y” x /" log(yx)
L (o5 (logz)!/Py 1 a's 32,
<<E hik; <hk’ $1/5 ) log.’L‘ (hi/S (10g .CL')4/5) X loggg
1 x4/5

< ﬁ (log x)1/>

21/2

2/5
Case 2: Suppose that (iw) < (log z - loglog x)2.

(6.3)

1 =z _(1 x1/?

hf (log )2)1131/2 logz < (loga; - log 10g$)5x1/2 log z = xl/Q(log:v)G(loglogx)5
k T

Fklogx

Let y = C(logz-loglog )2 +cg +5, where cg is the constant from Lemma 2.5 and C > 0
is an absolute constant which we will be chosen sufficiently large.

yt/? S C1/2log z - loglog = c1/2
logy E log C' + log log x log C'

log x

Since dj, < 4z, we see by Lemma 6.4 that C' can be chosen such that there is a prime ¢ that
splits in k and lies in the interval [y, 2y|. Then

11 =z
P — 32 0g(td,?
2r(T) <p hifloga + x'/*log(ld,’ “x)

— = 3% 2 log
hi ylog x

1
< §x1/2(log 2)%(loglog z)° 4 y*/22'/? log (by (6.3))

<g z'?(log z)*(loglog ).
Combining both cases, we have as desired

LA/

- 1/2 1 4 log1 3‘
hi/g) (1ng)1/5 +$ (ng) (Og ng)

Pg(z) <p

6.3. An unconditional choice of /. Define y := C%(logﬁ%ﬁ’ where 0 < C < 1 is a constant
which depends only on F and will be chosen sufficiently small.

Suppose there is a prime £ that splits in k, pg/g, is an isomorphism, and £ lies in the interval
[y: 2y].
hil(log(hi))? < hy(log(hyy))?
log x 9
————(logl =C'1
< C(log Tog $)2( oglogz)” = Clogx
So for C > 0 sufficiently small, the condition

(6.4) cohyl(log(hyt))? < log z
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holds where ¢y is the constant from Lemma 6.3(ii). By Lemma 6.3(ii),

1 =z log =
Ppi(z) <g hillogs + 3% exp(—cu / ﬁ) (log(hytx))?

z log x
< @logx + y3/2x exp<—01 %) (IOg(hky:L"))Q
1 x(log log $)2 C3/2 (10g $)3/2 e )
<¢ (log z)? hi/Q (loglog x)3 p<_\/@ 10gloggc> (log z)
_,z(loglog x)? 2/ o
<O gz T gy
08 (log ) v2c

Choose C' > 0 sufficiently small such that (6.4) holds and ¢;/v2C — 7/2 > 2, then

z(loglog )?
(logz)?

It still remains to impose suitable conditions to ensure that such a prime /¢ exists.

PE7k(ZL') <E

Lemma 6.5. There is an absolute constant ¢ > 0 such that if logy > Cd,lq/Q, then there exists a
rational prime £ in the interval [y, 2y| that splits in k.

Proof. By taking ¢ > 0 sufficiently large, we will have log(2y) > 20(logdj)?. Then by the Cheb-
otarev density theorem (Proposition 4.6), there is an absolute constant ¢’ > 0 such that

Ny :=#{l:y <l <2y, {splits in k}

1L (% dt
= 2/ @ + O(yﬁk/log y) + O(y eXp(—C/\/@))7
y

where ) is the possible exception zero of (;(s) from Lemma 4.4. So

y (1 + O(yliﬁk> + O(log(Qy) exp(—c’\/lo@))).

N, >_ Y
Y~ log(2y)

By taking ¢ > 0 sufficiently large, there is an absolute constant ¢” > 0 such that

!

y C
N, > 7<1 92— 7)
Y= log(2y) / yl =Pk

By [Sta74, Lemma 11], 1 — 3 > (di/Q)*l, so log(y'=Pk) = (1 — By) logy > l;f%” > c¢. By taking
k

¢ > 0 sufficiently large, we will ensure that 1/2 — ¢’ /y*~# > 0 and hence N, > 0. O

In the present case,
logy = loglog x — 2logloglog x — log hy, + log C = loglog x — 2logloglog x + O(log dy).

So for loglog x > d,lﬁ/ % we have logy > cd,lc/ 2, with ¢ > 0 as in Lemma 6.5. Therefore, if loglog x >

d,lg/ ? then there is a prime ¢ in the interval [y,2y| that splits in k. Finally, if we take ¢ > logcg,
where cp is the constant from Lemma 2.5, then pg/y, is an isomorphism.
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7. THE PROOF OF COROLLARY 1.5

We start with the identity

m(x) = #{p: p|Ng} + #{p < z : E has supersingular reduction at p} + Z Pg i (z).
kEDE(JJ)

By [Ser81, Théoreme 20|, #{p < x : E is supersingular at p} = og(z/logz), so
m(z) = op(x/logz) + Y Ppulx).

k€Dg(z)
We now use the bounds from Theorem 1.3(i).
z/logr g Z Pg ()
k}EDE(.Z’)
1 z/5 £1/2 3
<g Z =B e s T /2(log z)* (log log z) )
kEDE(x)(hk (logz)
1 x4/5
= (X ) gy + 1Dele)ie 20z 2)" (og log )
keDp(z) Mk &

Using GRH, one can show that, hy > di/Z/ log di.. We now use this lower bound for hj, and Lemma,
5.1 which says that d < 4z for all k € Dg(k).

(log dy)
> 3/5 < ) Og3/ﬁo

k€Dg(x) keDg(x) k

3/5
< Z 3/10 (log z)
keDgp(x) Ok

|Dg ()]

< > d3/10(10g93)3/5<<IDE($)17/10(10gw)3/5
d=1

3/5

Combining with our previous inequality gives:
z/logx < |Dp(z)|°24°(log 2)?/° + |Dg(x)|2'/? (log x)* (log log )
< sup{|Dp ()| 102*/3(log 2)*/%, | Dp(x)|a"/*(l0g z)* (log log 2)° }.
o If | Dp(x)|/102%/5(log )?/5 < |Dg(z)|x'/?(log )*(log log x)?, then
|Di(2)| > (¢/logz)/(z'/?(log 2)* (loglog 2)*) = '/ /((log x) (log log )°).

o If | Dp(2)] 7/ 029/3(log 2)2/% > | Dys()]r/* (g )7, then
1/5

0y, T o

|Dp(z)] >E (log2)7/5 and hence |Dg(z)| >p oz )%

We conclude that |Dg(x)| > g 2%/7/(log z)?, since it is the weaker of the two bounds.

24/5
1/5

(log 1,)1/5 ’
|De(x)| >E W/V“ Thus the factor # occuring in our bound of Pg ,(x) gives us a significant
k

2/7

Remark 7.1. If we had used the bound Pg (x) <pg then we would have concluded that

improvement.
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APPENDIX A. HEURISTICS FOR THE LANG-TROTTER CONJECTURE

In this appendix, we will give heuristics for Conjecture 1.1 so one msy see how the represen-
tations studied in this paper first occurred. In their heuristics, Lang and Trotter construct the
simplest probabilistic model that is compatible with known equidistribution laws. We will not be
as systematic here, for a more careful (and hence more convincing) heuristic see [LT76, Part II].
Fix a non-CM elliptic curve E/Q and an imaginary quadratic field k.

Let Py, be the set of rational primes p { Ng that split completely in H, and let Py (z) be the set
of primes in Py, that are of size at most z. By Lemma 3.1, if ' has good ordinary reduction at a
prime p and Q(m,(E)) = k, then p € Pi. Given p € Py, we will give heuristics for the “probability”
that Q(mp(E)) = k. This heuristic probability will be asymptotic to %Cg?kﬁ for an explicit

constant ank > 0 which will be described. Then as x — oo, we conjecture that

PE’k(:L') ~ Z 720Enk7
PEP () " 2VP

By the Chebotarev density theorem,

3 1 1 1 1 z!/?
PPt 2\/p  2hy = 2,/p 2hylogx
Thus we recover the Lang-Trotter conjecture

21/2

P ~C
5. () Eklogs’

1 4:’U)k fin

A.1. Equidistribution laws. We briefly recall the equidistribution laws that play a role in the
heuristics. The bounds in this paper used only the Chebotarev density theorem; it would be
interesting to find upper bounds for Pg ;(x) using the archimedean laws (see [Mur85] for results in
this direction concerning the other Lang-Trotter conjecture).

A.1.1. Sato-Tate. Define the function g;: [—1,1] — [0,00) by ¢1(§) = %\/1 — &2, For any interval
I C [—1,1], the Sato-Tate conjecture predicts that the set

{P €2y :ap(E)/(2VN(P)) € I}
has natural density [; g1(£)d§ in Xg.

A.1.2. Hecke. Define the function go: (—1,1) — [0,00) by go(§) = = 11752. For any interval
I C [-1,1], from Hecke we know that

3 #weOMmmoM=M%1m@wve¢N@mef}~ﬂm@ws

PeX y(x)

T

im ——
rto S ()]
If we assume the interval I has sufficiently small length, then the set

{B € Xy : there exists a m € Oy, such that PN O = 7Oy and Try(7)/(2v/ N(B)) € I}

has natural density [; g2(£)d§ in Y.
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A.1.3. Chebotarev. This section uses the Galois groups described in §2.3. Fix an integer m > 5,
and take any t € Z/mZ. Define the set

G(m)e ={o € G(m) : tr(pp/mm ol Emm))) =t Tr(Wrm(olkm)) >t}
The Chebotarev density theorem shows that the set
{P €Zp:ap(E) =t (mod m), Ir € O such that PN Oy = 7Oy, and Tryg(7) =t (mod m)}

has natural density |G(m):|/|G(m)|. We will need a more refined version.
Given a random P € X g of degree 1 and a random generator m of N Ok, we want to know the
probability that

(A1) ap(E) =t (mod m) and Tryg(7) =t (mod m).
Define the group
G(m) = {(A,u) € Aut(E[m]) x (Op/mO;)* : det(A) = N(u)},

which has a natural projection ¢: G(m) — %(m). Let G(m) be the group ¢ 1(¥,,(G(m))) and
define G(m); = {(A,u) € G(m) : tr(A) = t, Tr(u) = t}. By the Chebotarev density theorem
(applied to the Galois group G(m), and weighting each conjugacy classes appropriately),

#{m € O : PN O = 7Ok, Tryyg(m) =t (mod m)}

2. o

PeXu(z)

ag (E)=t (mod m)
1 |G(m)| |G (m)|
GG P = L R

Thus the probability that random B € Xp of degree 1 and generator 7 of P N O, satisty (A1) is
equal to |G(m)¢|/|G(m)|. For latter use, define

C(m) = {(A,u) € G(m) : tr(4) = Tr(u)}.

A.2. Heuristics. Given p € Py, we now give heuristics for the “probability” that Q(m,(E)) = k,
or equivalently that there is a m € Oy such that Ny q(m) = p and Try,q(7) = ap(E).

Fix any P € Xy dividing p. Then Q(m,(E)) = k is equivalent to the existence of a 7 € O such
that N Oy = 7Oy and Try (1) = agp(E).

There is a finite set S C [—1,1] such that if zyp € {z € C: |z| = 1} satisfies Re(z9) = ¢, then
Re(Czp) # t, for all wy-th roots of unity ¢ # 1 in C.

Fix an integer ¢ € Z with [t| < 2,/p. By considering the Hecke and Sato-Tate distributions only
(and assuming they are independent of each other), we would expect the probability that there is
a m € O such that PN Oy = 70k, ap(E) =t, and Tryg(m) =t to be

91(35) 92(55) 2wy 1
2p  2yp  wAp
If t/(2/p) ¢ S, then the corresponding generator 7 is uniquely determined.

However, these purely archimedean heuristics ignore the Chebotarev contribution. Fix an integer
m > 5. Suppose that t/(2,/p) ¢ S. From §A.1.3, |G(m);|/|G(m)| is the probability that ap(E) =t
and Tryq(7) =t (mod m), while the naive probability that such congruences hold is 1/ m2. So to
take into account the congruences modulo m, we should multiply our probability by a correction

G(m)s| , 1
erm of — / e

|G (m))|
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We thus expect the probability that Q(m,(E)) is isomorphic to k is approximately:

Z m2|q(m)t|2ﬁ:m2 3 |G (m)s| > 2wy 1

2 =~ 2
teZ G(m)| ™ to€Z/mZ |G (m)] t<zyp 4p

[t|<2\/p t=to (mod m)

Awy, IG(m)y| | 1 dwp  |C(m)| 1
~—|m ~ = UL ) :
’ toe;mz G(m)| ) 2P 7 |G(m)| 2P

s

The above heuristic dealt only with congruences modulo a fixed integer m. Define

C’g?k = lim mw,
mo|G(m)]

where the limit is over natural numbers m ordered by divisibility. The convergence of this limit is
proven in [LT76], where a product expression is also given that is useful for numerical computations.
Thus for p € Py, we expect that the “probability” that Q(m,(E)) = k to be asymptotic to
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